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Abstract
We investigate bi–Hamiltonian structures and mKdV hierarchies
of solitonic equations generated by (semi) Riemannian metrics and
curve flows of non–stretching curves. There are applied methods of
the geometry of nonholonomic manifolds enabled with metric–induced
nonlinear connection (N–connection) structure. On spacetime mani-
folds, we consider a nonholonomic splitting of dimensions and define a
new class of liner connections which are ’N–adapted’, metric compat-
ible and uniquely defined by the metric structure. We prove that for
such a linear connection, one yields couples of generalized sine–Gordon
equations when the corresponding geometric curve flows result in soli-
tonic hierarchies described in explicit form by nonholonomic wave map
equations and mKdV analogs of the Schro¨dinger map equation. All ge-
ometric constructions can be re–defined for the Levi–Civita connection
but with ”noholonomic mixing” of solitonic interactions. Finally, we
speculate why certain methods and results from the geometry of non-
holonmic manifolds and solitonic equations have general importance
in various directions of modern mathematics, geometric mechanics,
fundamental theories in physics and applications, and briefly analyze
possible nonlinear wave configurations for modeling gravitational in-
teractions by effective continuous media effects.
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1 Introduction
The ’anholonomic frame method’ [1, 2, 3, 4, 5] was recently developed as a
general geometric approach for constructing exact solutions in gravity and
Ricci flow theory following the formalism of nonlinear connections and non-
holonomic distributions in Riemann–Finsler geometry and applications in
modern physics and mechanics [6, 7, 8]. In parallel, the differential geome-
try of plane and space curves received considerable attention in the theory of
nonlinear partial differential equations and applications to modern physics
[9, 10]. One proved that curve flows on Riemannian spaces of constant cur-
vature are described geometrically by hierarchies defined by wave map equa-
tions and mKdV analogs of Schro¨dinger map equation. The main results
on vector generalizations of KdV and mKdV equations and the geometry of
their Hamiltonian structures are summarized in Refs. [11, 12, 13], see also
a recent work in [14, 15].
In [16, 17], the flows of non–stretching curves were analyzed using mov-
ing parallel frames and associated frame connection 1–forms in a symmetric
spaces M = G/SO(n) and the structure equations for torsion and curva-
ture encoding O(n− 1)–invariant bi–Hamiltonian operators.1 It was shown
that the bi–Hamiltonian operators produce hierarchies of integrable flows
of curves in which the frame components of the principal normal along the
curve satisfy O(n− 1)–soliton equations. The crucial condition for perform-
ing such constructions is that the frame curvature matrix is constant on the
curved manifolds like M = G/SO(n).
On a general (pseudo) Riemannian manifold, working only with the Levi–
Civita connection, it is not possible to define in explicit form such systems of
reference and coordinates when the curvature would be described completely
by constant ”matrix” coefficients and satisfy the conditions for solitonic
encoding. One concluded that only for the (pseudo) Riemannian manifolds
of constant curvature the geometric data on curve flows can be transformed
into solitonic hierarchies.
Nevertheless, we argue that the geometry of (pseudo) Riemannian man-
1G is a compact semisimple Lie group with an involutive automorphism that leaves
fixed a Lie subgroup SO(n) ⊂ G, for n ≥ 2
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ifolds2 can be encoded into corresponding bi–Hamilton operators and soli-
tonic hierarchies. This is possible if we work with an auxiliary class of metric
compatible linear connections which are completely defined by a fixed met-
ric structure (in a particular case, we can chose an exact solution of the
Einstein equations in general relativity).
Let us explain the main idea for constructions with alternative linear
connections defined by a fixed (pseudo) Riemannian/Einstein metric: For
a metric g, there is a unique Levi–Civita connection g∇ satisfying the
conditions of metricity, g∇g = 0, and vanishing torsion, ∇T = 0.
3 From
the same metric, we can construct an infinite number of metric compatible
linear connections { gD} satisfying the conditions
gDg =0, when gD = g∇+ gZ. (1)
The distorsion tensor gZ (for metric compatible linear connections, this
tensor is an algebraic combination of the coefficients of torsion gDT) is com-
puted in explicit form: it is defined only by the coefficients of g if a well
defined geometric principle is introduced into consideration (such a princi-
ple has to be different from the condition of zero torsion). For instance, for
deformation quantization of the Einstein gravity [19], it was important to
construct a canonical almost Ka¨hler connection gKD in a form to be com-
patible with the so–called canonical almost symplectic structure gθ (defined
by the coefficients of g), when gKD g =
g
KD (
gθ) = 0. We worked with a
nontrivial torsion structure gKT 6= 0, which was very important for a gen-
eralization of Fedosov quantization. Nevertheless, we emphasize that all
geometric constructions could be redefined equivalently for the Levi–Civita
connection g∇ because gKT is also constructed only from the metric coef-
ficients. Such a torsion field is completely different from that (for instance)
in Riemann–Cartan, or string, gravity, where torsion is considered as a new
physical field subjected to additional field equations, see discussion in [7].
In this article, we shall work with two metric compatible linear connec-
tions g∇ and gD, both constructed from the coefficients of a metric g,
when the curvature tensor for the second connection can be represented by
a constant coefficients matrix (with respect to a well–defined frame struc-
ture). Following the geometry of curve flows defined by the connection gD,
2and a number of generalized Lagrange–Finsler spaces and their Ricci flows into
(pseudo) Riemannian, Eisenhart–Moffat, nonholonomic Fedosov, noncommutative and
other structures, see recent results and references in [3, 4, 18, 19, 5]
3we shall use left ”up” and ”low” labels in order to emphasize that certain geometric
objects are defined by a fixed metric, connection or other fields
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we shall derive the corresponding bi–Hamiltonian structure and related soli-
tonic hierarchies. This way, having encoded the geometrical data for g
and gD into solitonic equations (and their solutions), we shall be able to
re–define them for g and g∇, computing gZ and using the distorsion
relation g∇ = gD− gZ (1). Such values were formally introduced for cer-
tain classes of connections in Finsler geometry but they can be similarly
constructed on (pseudo) Riemannian spaces and their nonholonomic defor-
mations. We shall follow the formalism and conventions established in Ref.
[2], see also reviews of results in [7, 8, 1], on the geometry of nonholonomic
manifolds, Finsler–Lagrange methods and applications to modern physics.
The approach originates from the geometry of nonlinear connections (N–
connections) and Finsler geometry and generalizations formally developed
on tangent bundles and manifolds enabled with generalized connections and
applications in mechanics, see summaries of results and references from
[6, 20].
The aim of this paper is to prove that respective curve flow solitonic hi-
erarchies are generated by any (semi) Riemannian metric gαβ on a manifold
V of dimension n+m, for n ≥ 2 and m ≥ 1, if such a space is enabled with
a nonholonomic distribution defining a spacetime splitting.4 For such dis-
tributions with associated nonlinear connection (N–connection) structure,
we can define certain classes of frame and linear connection nonholonomic
deformations when the curvature is characterized by constant matrix coeffi-
cients. This allows us to derive the corresponding hierarchies of gravitational
solitonic equations and conservation laws. We also prove that any solution
of the Einstein equations (a vacuum one, or with nontrivial cosmological
constant) can be encoded into such solitonic hierarchies.
We would like to emphasize the multi–disciplinary character of our ap-
proach based on modelling geometries and physical interactions with generic
local anisotropy. The first constructions and applications to locally anisotro-
pic thermodynamics, generalized gravity theories and physics of continuous
media were proposed in Finsler geometry and its generalizations to Lagrange
and Hamilton spaces (see monographs and reviews [6, 20, 8, 7] and refer-
ences therein; here we also cite [21] based on the Chern connection, which
is not metric compatible and considered to be less relevant for standard
physical theories, but nevertheless very important for a number of other
type applications). Such geometrical and physical models can be unified by
the concept of nonholonomic manifold (usual manifolds endowed with ad-
4in physical literature, one uses the term ”pseudo Riemannian” instead of ”semi Rie-
mannian”
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ditional nonintegrable/nonholonomic distributions) [22, 23, 24], see reviews
of mathematical results in [25] and of various physical applications in [8, 7].
Our present work establishes a bridge between the geometry of nonlinear
connections elaborated in Finsler geometry and nonholonomic physics and
the theory of solitonic equations defined on curved spaces with various appli-
cations in gravity physics, geometric mechanics, locally anisotropic kinetic
processes and thermodynamics and nonholonomic Ricci flows [26, 27, 28, 29].
The paper is organized as follows:
In section 2 we outline the geometry of N–adapted frame transforms on
(pseudo) Riemannian spaces enabled with N–connection structure. We em-
phasize the possibility to work equivalently with different classes of linear
connections (the Levi–Civita and various N–adapted ones) completely de-
fined by a metric structure gαβ for a prescribed splitting n +m. We show
how alternative linear connections with constant Riemannian tensor matrix
coefficients can be derived from a (pseudo) Riemannian metric. A class of
nonholonomic Einstein spaces is analyzed.
In section 3 we consider curve flows on nonholonomic (pseudo) Rieman-
nian spaces. It is constructed a class of nonholonomic Klein spaces for which
the bi–Hamiltonian operators are derived for a linear connection adapted to
the nonlinear connection structure, for which the distinguished curvature
coefficients are constant.
Section 4 is devoted to the formalism of distinguished bi–Hamiltonian op-
erators and vector soliton equations for arbitrary (semi) Riemannian spaces.
We define the basic equations for nonholonomic curve flows. Then we con-
sider the properties of cosymplectic and symplectic operators adapted to
the nonlinear connection structure. Finally, there are constructed solitonic
hierarchies of bi–Hamiltonian anholonomic curve flows
We conclude the results in section 5. The Appendix contains necessary
definitions and formulas from the geometry of nonholonomic manifolds.
2 Curvature Tensors with Constant Coefficients
The idea behind an alternative description of general relativity is to provide
an equivalent re–formulation of geometric data for a (pseudo) Riemannian
metric g and Levi–Civita connection ∇ (in brief, we write such data [g,∇]),
into a nonholonomic structure with [g,D], where D is another metric com-
patible linear connection, also defined by g in a unique form.
In this section, we prove that for any (semi) Riemannian metric g on
a nonholonomic manifold V enabled with a nonlinear connection (in brief,
5
N–connection) structure N, defining a conventional spacetime splitting of
dimension n+m, it is possible to construct a metric compatible linear con-
nection D˜ with constant matrix coefficients of curvature, computed with
respect to ’N–adapted’ frames. We outline in Appendix the basic definitions
and notations from the geometry of N–anholonomic Riemann manifolds, see
details in [2, 7, 8].
2.1 N–adapted frame transforms and (pseudo) Riemannian
metrics
We consider a manifold V of necessary smooth class and dimension n+m,
for n ≥ 2 and m ≥ 1, enabled with a (semi) Riemannian metric structure,
i. e. with a second rank tensor of constant signature 5 g, see local formulas
(A.1). On such a manifold, we can consider any n + m splitting defined
by a prescribed nonlinear connection (N–connection) structure N with lo-
cal coefficients Nai (x, y) (A.3), for indices of type i, j, k, ... = 1, 2, ...n and
a, b, c, ... = n+ 1, n+ 2, ..., n +m.6
Haven defined a frame and respective co–frame (dual) structures on V,
denoted correspondingly eα′ = (ei′ , ea′) and e
β′ = (ei
′
, ea
′
), we can consider
(in general, nonholonomic) frame transforms
eα = A
α′
α (x, y)eα′ and e
β = Aββ′(x, y)e
β′ . (2)
There are two important particular cases: 1) we can work with coordinate
bases (following our conventions, with underlined indices), eα′ ⇔ eα = ∂α =
∂/∂uα and eβ
′
⇔ eβ = duβ , and their transform to arbitrary vielbeins eα
and eβ ; 2) it is possible to introduce the so–called ”N–adapted” bases eα
(A.8) and cobases eβ (A.9) using frame transforms (A.6) defined linearly by
N–connection coefficients Nai .
Under nonholonomic frame transforms eα′ → eα, the metric coefficients
of any metric structure g on V are computed following formulas
gαβ(x, y) = A
α′
α (x, y) A
β′
β (x, y)gα′β′(x, y). (3)
5in physical literature, there are used equivalent terms like (pseudo) Riemannian or
locally (pseudo )Euclidean/ Minskowski spaces
63+1 and 2+2 splitting, with different types of variables, are considered in modern
classical and quantum gravity; for instance, see discussion in Ref. [30]. Such a split-
ting establishes a local fibered structure (holonomic or nonholonomic) and allows us to
introduce Hamilton–momentum like variables, or almost symplectic ones, which is con-
venient for definition of conservation laws and quantization schemes of certain classes of
spacetimes.
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For a fixed frame structure eα′ on V, the formula (3) defines ’nonholonomic
deformations’ of metrics,
′
g→ g. In a particular case, we can parametrize
A α
′
α = ω(x, y)δ
α′
α and generate conformal transforms of metrics, gαβ =
ω2
′
gαβ .
7
Definition 2.1 A subclass of frame transforms (2) [or deformations of met-
rics (3), for fixed ”prime” and ”target” frame structures] is called N–adapted
if such nonholonomic transformations [deformations] preserve the n + m
splitting defined by a N–connection structure N = {Nai }.
For instance, N–adapted deformations of metrics are parametrized by
such A α
′
α in (3) when gα′β′ = [gi′j′ , ga′b′ ] → gαβ = [gij , gab]. In an alter-
native way, we can fix a metric structure g on V but consider N–adapted
frame transforms (2) preserving a locally prescribed frame structure.
Lemma 2.1 For any fixed metric, g, and N–connection, N, structures,
there are N–adapted frame transforms
g = gij(x, y) e
i ⊗ ej + hab(x, y) e
a ⊗ eb, (4)
= gi′j′(x, y) e
i′ ⊗ ej
′
+ ha′b′(x, y) e
a′ ⊗ eb
′
,
where ea and ea
′
are elongated following formulas (A.9), respectively by Naj
and
Na
′
j′ = A
a′
a (x, y)A
j
j′(x, y)N
a
j(x, y), (5)
or, inversely,
Naj = A
a
a′ (x, y)A
j′
j(x, y)N
a′
j′(x, y) (6)
with prescribed Na
′
j′ .
Proof. Any metric g (A.1) on a (pseudo) Riemannian manifold V can
be represented as a d–metric gαβ = [gij , gab] (A.7) if we prescribe a N–
connection structure N = {Nai } (A.3). We preserve the n +m splitting for
any frame transform of type (2) when
gi′j′ = A
i
i′A
j
j′gij , ha′b′ = A
a
a′A
b
b′hab,
7We shall use also equivalent denotations of type
′
gαβ, instead of gα′β′ , or gαβ ,
instead of gαβ , with the coefficients of the same metric computed with respect to different
’primed’, or ’underlined”, systems of reference (i.e. for frame transforms). In another turn,
for a fixed frame structure both for the ”prime” and ”target” geometric configurations,
′
g = {gα′β′}, g = {gαβ} and g = {gαβ} mean, in general, different metric structures
related via certain nonholonomomic deformations of metrics (3).
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for A i
′
i constrained to get holonomic e
i′ = A i
′
i e
i, i.e. [ei
′
ei
′
] = 0 and
ea
′
= dya
′
+Na
′
j′dx
j′ , for certain xi
′
= xi
′
(xi, ya) and ya
′
= ya
′
(xi, ya), with
Na
′
j′ computed following formulas (5). The constructions can be equivalently
inverted, when gαβ and N
a
i are computed from gα′β′ and N
a′
i′ , if both the
metric and N–connection splitting structures are fixed on V. 
In this paper, we shall work with a fixed metric structure g on a (pseudo)
Riemannian manifold V but consider such N = {Nai } and N–adapted frame
transforms/ deformations, when certain metric compatible linear connec-
tions and their curvatures (also uniquely defined by g) will satisfy the con-
ditions necessary for existence of solitonic hierarchies. This results in N–
anholonomic deformations of the geometric objects but the constructions
can be re–defined equivalently for the Levi–Civita connection.
2.2 A d–connection with constant N–adapted coefficients
From the class of metric compatible distinguished connections (d–connecti-
ons) gD (1),8 being uniquely defined by a metric structure g, we chose such
a n+m splitting with nontrivial Nai (x, y) when with respect to a N–adapted
frame the canonical d–connection (A.13) has constant coefficients.
Proposition 2.1 Any (pseudo) Riemannian metric g on V defines a set
of metric compatible d–connections of type
0Γ˜
γ′
α′β′ =
(
L̂i
′
j′k′ = 0, L̂
a′
b′k′ = 0L̂
a′
b′k′ = const, Ĉ
i′
j′c′ = 0, Ĉ
a′
b′c′ = 0
)
(7)
with respect to N–adapted frames (A.8) and (A.9) for any N = {Na
′
i′ (x, y)}
being a nontrivial solution of the system of equations
2 0L̂
a′
b′k′ =
∂Na
′
k′
∂yb′
− 0h
a′c′
0hd′b′
∂Nd
′
k′
∂yc′
(8)
for any nondegenerate constant–coefficients symmetric matrix 0hd′b′ and its
inverse 0h
a′c′ .
Proof. Using Lemma 2.1, we express any metric g (A.1) as a d–metric
gα′β′ = [gi′j′ , ha′b′ ] (A.7), when certain constant coefficients gi′j′ = 0gi′j′ and
ha′b′ = 0ha′b′ are stated with respect to a N–adapted coframe e
α′ = [ei
′
, ea
′
]
(the values Nd
′
k′ elongating e
a′ are computed similarly to (5)). Introducing
8see definitions and main formulas in Appendix A.2
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such constant d–metric coefficients into formulas (A.13) (with ’primed’ in-
dices), we get the canonical d–connection (7) for any prescribed constant
values 0L̂
a′
b′k′ . The formula (8) follows from the formula for computing the
coefficients L̂a
′
b′k′ in (A.13). We may consider any n +m splitting with N
d′
k′
being a nontrivial solution of (8), which states an explicit class of nonholo-
nomic constraints on prescribed local fibered structures. Such structures, for
any nonholonomic transform of type (6), are very general ones with coeffi-
cients Ndk (x, y). We conclude that for any metric structure g there is such a
nonholonomic local fibred structure, when the N–adapted coefficients of the
canonical d–connection are constant ones. Having prescribed the constant
values 0gi′j′ , 0ha′b′ and 0L̂
a′
b′k′ , a unique solution of (8) and correspond-
ing N–connection structure are defined by the coefficients of g up to some
N–adapted frame and coordinate transforms. 
It should be noted that the coefficients pΓ
γ′
α′β′ of the corresponding to
g Levi–Civita connection g∇ are not constant with respect to N–adapted
frames. They are computed following formulas (A.15) and (A.16).
Theorem 2.1 The curvature d–tensor of a d–connection 0Γ˜
γ′
α′β′ (7) de-
fined by a metric g has constant coefficients with respect to N–adapted frames
eα′ = [ei′ , ea′ ] and e
α′ = [ei
′
, ea
′
] with Nd
′
k′ subjected to conditions (8).
Proof. It follows from Lemma 2.1 and Proposition 2.1. Really, intro-
ducing constant coefficients 0Γ˜
γ′
α′β′ (7) into formulas (A.19), we get
0R˜
α′
β′γ′δ′ = ( 0R˜
i′
h′j′k′ = 0, 0R˜
a′
b′j′k′ = 0L̂
c′
b′j′ 0L̂
a′
c′k′ − 0L̂
c′
b′k′ 0L̂
a′
c′j′ =
cons, 0P˜
i′
h′j′a′ = 0, 0P˜
c′
b′j′a′ = 0, 0S˜
i′
j′b′c′ = 0, 0S˜
a′
b′d′c′ = 0).
Of course, in general, with respect to local coordinate (or other N–adapted)
frames, the curvature d–tensor R̂αβγδ does not have constant coefficients.
Using deformation relation (A.15), we can compute the corresponding Ricci
tensor pR
α
βγδ for the Levi–Civita connection
g∇, which is a general one
with ’non-constant’ coefficients with respect to any local frames. 
One holds:
Corollary 2.1 A d–connection 0Γ˜
γ′
α′β′ (7) has constant scalar curvature.
Proof. It follows from the conditions of Theorem 2.1 and formulas
(A.20) and (A.21), when
∼
0
←→
R + 0g
α′β′
0R˜α′β′ = 0g
i′j′
0R˜i′j′ + 0h
a′b′
0S˜a′b′ =
∼
0
−→
R + ∼0
←−
S = cons.
9
Even the condition ∼0
←→
R = cons. holds true for a metric g, in general,
the scalar curvature ∇R of
g∇, for the same metric, is not constant.
2.3 Nonholonomic Einstein spaces
Let us consider a subclass of (pseudo) Riemannian metrics defining exact so-
lutions of the Einstein equations for the canonical d–connection Γ̂γαβ (A.13),
R̂αβ −
1
2
gαβ
←→
R = κΥαβ . (9)
For simplicity, we restrict our considerations to four dimensional (4D) vac-
uum metrics, dimV = 4, n = 2 and m = 2, or generated by sources Υαβ
parametrized in the form
Υαβ = [Υ
1
1 = Υ1(x
k, v),Υ22 = Υ1(x
k, v),Υ33 = Υ3(x
k),Υ44 = Υ3(x
k)], (10)
where indices and coordinates are labeled: i, j, ... = 1, 2 and a, b, ... =
3, 4;xk = (x1, x2) and ya = (y3 = v, y4). There are also nonholonomic gravi-
tational configurations when the source (10) parametrized Υ1 = λ1 = cons.
and Υ3 = λ3 = cons. Here we note that gravitational interactions parame-
tized by generic off–diagonal metrics model locally anisotropic configurations
even if λ1 = λ3, or both values vanish (for a nonholonomic vacuum case).
We parametrize the N–connection coefficients in the form N3i = wi(x
k, v)
and N4i = ni(x
k, v); consider partial derivatives a• = ∂a/∂x1, a′ = ∂a/∂x2,
a∗ = ∂a/∂v and introduce the ’polarization’ function
ς
(
xi, v
)
= 0ς −
ǫ3
8
0h2
∫
Υ1f
∗
[
f − 0f
]
dv, (11)
for an arbitrary nontrivial function f = f
(
xi, v
)
with f∗ 6= 0 and given
functions 0ς = 0ς
(
xi
)
, 0h = 0h(xi) and 0f = 0f(xi), when ǫα = ±1 will
define the spacetime signature. We shall consider also some ’integration’
functions 1nk =
1nk
(
xi
)
and 2nk =
2nk
(
xi
)
.
Theorem 2.2 Any metric g (A.1) (equivalently, d–metric (A.7)) on a 4D
N–anholonomic manifold V which by N–adapted frame transforms of type
(4), (5) and (6) can be parametrized by an ansatz
◦g = eψ(x
k)
[
ǫ1 dx
1 ⊗ dx1 + ǫ2 dx
2 ⊗ dx2
]
+ (12)
h3
(
xk, v
)
δv ⊗ δv + h4
(
xk, v
)
δy4 ⊗ δy4,
δv = dv + wi
(
xk, v
)
dxi, δy4 = dy4 + ni
(
xk, v
)
dxi
10
defines a class of exact solution the Einstein equations (9) with nontrivial
sources (10) if
ǫ1ψ
•• + ǫ2ψ
′′
= Υ3, h3 = ǫ3h
2
0 [f
∗]2 |ς|, h4 = ǫ4
[
f − 0f
]2
, (13)
wi = −∂iς/ς
∗, nk =
1nk +
2nk
∫
ς [f∗]2
[
f − 0f
]−3
dv,
where ς is computed for a given Υ1 following formula (11) with ς = 1 in the
vacuum case.
Proof. Details of the proof (consisting from a straightforward verifica-
tion that the ansatz (12) with coefficients (13) really define integral varieties
of nonholonomic Einstein equations) can be found in Refs. [2, 8]. 
It should be emphasized that this class of solutions are generated by
an arbitrary nontrivial function f
(
xi, v
)
(with f∗ 6= 0), sources Υ1(x
k, v)
and Υ3
(
xi
)
and integration functions and constants. Such values for the
corresponding signatures ǫα = ±1 have to be defined by certain boundary
conditions and physical symmetries. We can extract integral varieties of
the Einstein equations for the Levi–Civita connection g∇ if we constrain
additionally the metric coefficients to satisfy the conditions
h∗4φ/h3h4 = Υ1, (14)
w′1 − w
•
2 + w2w
∗
1 −w1w
∗
2 = 0, (15)
n′1 − n
•
2 = 0, (16)
for wi = ∂iφ/φ
∗, where φ = ln |h∗4/
√
|h3h4||. The conditions (14) for Υ1 → 0
are satisfied for h∗4 6= 1 if h
∗
4φ→ 0.
Following Theorem 2.1 and Corollary 2.1, to any solution of the Einstein
equations ◦g (12), constrained/ or not by conditions (14)–(16), we can
associate a d–connection 0Γ˜
γ′
α′β′ (7) with constant coefficients for the Rie-
mannian and Ricci tensors with respect to corresponding N–adapted bases.
Different classes of solutions are characterized by different values of such
matrix coefficients.
More general classes of such Einstein spaces with Killing symmetries and
their parametric and nonholonomic deformations considered in Ref. [1, 2, 8]
can be also generated by (depending on certain parameters and integration
constants) curvature and Ricci d–tensor matrices and constant scalar cur-
vature of corresponding d–metrics. So, following the above outlined method
we can always encode the data for a known solution of the Einstein equa-
tions and generalizations into terms of constant coefficients d–connections
11
and curvatures. To invert the problem and construct from certain solitonic
hierachies some solutions of Einstein equations with non-Killing symmetries
it is also possible, but it is still not clear how to approach this task in general
form.
3 Nonholonomic Curve Flows
We outline the geometry of curve flows adapted to a N–connection structure
on a (pseudo) Riemannian manifold V.
3.1 Non–stretching and N–adapted curve flows
A non–stretching curve γ(τ, l) on V, where τ is a real parameter and l is the
arclength of the curve on V, is defined with such evolution d–vector Y = γτ
and tangent d–vector X = γl that g(X,X) =1. Such a curve γ(τ, l) swept
out a two–dimensional surface in Tγ(τ,l)V ⊂ TV.
We shall work with N–adapted bases (A.8) and (A.9) and connection
1–form Γαβ = Γ
α
βγe
γ the canonical d–connection operator D (A.13) acting
in the form
DXeα = (X⌋Γ
γ
α )eγ and DYeα = (Y⌋Γ
γ
α )eγ , (17)
where ”⌋” denotes the interior product and the indices are lowered and raised
respectively by the d–metric gαβ = [gij , hab] and its inverse g
αβ = [gij , hab].
We note that DX = X
αDα is a covariant derivation operator along curve
γ(τ, l). It is convenient to fix the N–adapted frame to be parallel to curve
γ(l) adapted in the form
e1 + hX, for i = 1, and e
bi, where hg(hX,e
bi) =0, (18)
en+1 + vX, for a = n+ 1, and eba, where vg(vX, eba) =0,
for î = 2, 3, ...n and â = n+2, n+3, ..., n+m. For such frames, the covariant
derivative of each ”normal” d–vectors ebα results into the d–vectors adapted
to γ(τ, l),
DXe
bi = −ρ
bi(u) X and DhXhX = ρ
bi(u) ebi, (19)
DXe
ba = −ρba(u) X and DvXvX = ρ
ba(u) eba,
which holds for certain classes of functions ρ
bi(u) and ρba(u). The formulas
(17) and (19) are distinguished into h– and v–components for X =hX+ vX
and D = (hD, vD) for D = {Γγαβ}, hD = {L
i
jk, L
a
bk} and vD = {C
i
jc, C
a
bc}.
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Along γ(l), we can move differential forms in a parallel N–adapted form.
For instance, ΓαβX + X⌋Γ
αβ. An algebraic characterization of such spaces,
can be obtained if we perform a frame transform preserving the decomposi-
tion (A.4) to an orthonormalized basis eα′ , when
eα → e
α′
α (u) eα′ , (20)
called an orthonormal d–basis. In this case, the coefficients of the d–metric
(A.7) transform into the (pseudo) Euclidean one gα′β′ = ηα′β′ . In distin-
guished form, we obtain two skew matrices
Γ
i′j′
hX + hX⌋Γ
i′j′ = 2 e
[i′
hX ρ
j′] and Γa
′b′
vX + vX⌋Γ
a′b′ = 2 e
[a′
vX ρ
b′],
where
ei
′
hX + g(hX,e
i′) = [1, 0, . . . , 0︸ ︷︷ ︸
n−1
] and ea
′
vX + h(vX,e
a′) = [1, 0, . . . , 0︸ ︷︷ ︸
m−1
]
and
Γ
j′
hX i′ =
[
0 ρj
′
−ρi′ 0[h]
]
and Γ b
′
vX a′ =
[
0 ρb
′
−ρa′ 0[v]
]
with 0[h] and 0[v] being respectively (n− 1)× (n− 1) and (m− 1)× (m− 1)
matrices.
The above presented row–matrices and skew–matrices show that locally
an N–anholonomic manifold V of dimension n+m, with respect to distin-
guished orthonormalized frames are characterized algebraically by couples
of unit vectors in Rn and Rm preserved respectively by the SO(n − 1) and
SO(m−1) rotation subgroups of the local N–adapted frame structure group
SO(n)⊕SO(m). The connection matrices Γ j
′
hX i′ and Γ
b′
vX a′ belong to the
orthogonal complements of the corresponding Lie subalgebras and algebras,
so(n− 1) ⊂ so(n) and so(m− 1) ⊂ so(m).
The torsion (A.17) and curvature (A.18) tensors can be written in or-
thonormalized component form with respect to (18) mapped into a distin-
guished orthonormalized dual frame (20),
T α
′
+ DXe
α′
Y −DYe
α′
X + e
β′
YΓ
α′
Xβ′ − e
β′
XΓ
α′
Yβ′ (21)
and
R α
′
β′ (X,Y) = DYΓ
α′
Xβ′ −DXΓ
α′
Yβ′ + Γ
γ′
Yβ′ Γ
α′
Xγ′ − Γ
γ′
Xβ′ Γ
α′
Yγ′ , (22)
where eα
′
Y + g(Y, e
α′) and Γ α
′
Yβ′ + Y⌋Γ
α′
β′ = g(e
α′ ,DYeβ′) define respec-
tively the N–adapted orthonormalized frame row–matrix and the canonical
d–connection skew–matrix in the flow directs, and R α
′
β′ (X,Y) + g(e
α′ , [DX,
DY]eβ′) is the curvature matrix.
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3.2 N–anholonomic manifolds with constant matrix curva-
ture
For trivial N–connection curvature and torsion but constant matrix curva-
ture, we get a holonomic Riemannian manifold and the equations (21) and
(22) directly encode a bi–Hamiltonian structure [12, 17]. A well known class
of Riemannian manifolds for which the frame curvature matrix constant
consists of the symmetric spaces M = G/H for compact semisimple Lie
groups G ⊃ H. A complete classification and summary of main results on
such spaces are given in Refs. [31, 32].
The Riemannian curvature and the metric tensors for M = G/H are
covariantly constant and G–invariant resulting in constant curvature matrix.
In [16, 17], the bi–Hamiltonian operators were investigated for the symmetric
spaces with M = G/SO(n) with H = SO(n) ⊃ O(n− 1) and two examples
when G = SO(n + 1), SU(n). Then it was exploited the existing canonical
soldering of Klein and Riemannian symmetric–space geometries [33]. Such
results were proven for the Levi–Civita connection on symmetric spaces.
They can be generalized for any (pseudo) Riemannian manifold but for an
auxilliary d–connection 0Γ˜
γ′
α′β′ (7).
3.2.1 Symmetric nonholonomic manifolds
N–anholonomic manifolds are characterized by a conventional nonholonomic
splitting of dimensions. We suppose that the ”horizontal” distribution is
a symmetric space hV = hG/SO(n) with the isotropy subgroup hH =
SO(n) ⊃ O(n) and the typical fiber space to be a symmetric space F =
vG/SO(m) with the isotropy subgroup vH = SO(m) ⊃ O(m). This means
that hG = SO(n+1) and vG = SO(m+1) which is enough for a study of real
holonomic and nonholonomic manifolds and geometric mechanics models.9
Our aim is to solder in a canonic way (like in the N–connection geometry)
the horizontal and vertical symmetric Riemannian spaces of dimension n and
m with a (total) symmetric Riemannian space V of dimension n+m, when
V = G/SO(n +m) with the isotropy group H = SO(n +m) ⊃ O(n +m)
and G = SO(n +m + 1). First, we note that for the just mentioned hori-
zontal, vertical and total symmetric Riemannian spaces one exists natural
settings to Klein geometry. For instance, the metric tensor hg = {˚gij} on
hV is defined by the Cartan–Killing inner product < ·, · >h on TxhG ≃ hg
restricted to the Lie algebra quotient spaces hp =hg/hh, with TxhH ≃ hh,
9it is necessary to consider hG = SU(n) and vG = SU(m) for the geometric models
with spinor and gauge fields
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where hg =hh⊕ hp is stated such that there is an involutive automorphism
of hG under hH is fixed, i.e. [hh,hp] ⊆ hp and [hp,hp] ⊆ hh. In a similar
form, we can define the group spaces and related inner products and Lie
algebras,
for vg = {˚hab}, < ·, · >v, TyvG ≃ vg, vp =vg/vh, with
TyvH ≃ vh,vg =vh⊕ vp,where [vh,vp] ⊆ vp, [vp,vp] ⊆ vh;
(23)
for g = {˚gαβ}, < ·, · >g, T(x,y)G ≃ g, p = g/h, with
T(x,y)H ≃ h, g = h⊕ p,where [h, p] ⊆ p, [p, p] ⊆ h.
We parametrize the metric structure with constant coefficients on V =
G/SO(n +m) in the form
g˚ = g˚αβdu
α ⊗ duβ,
where uα are local coordinates and
g˚αβ =
[
g˚ij + N˚
a
i N
b
j h˚ab N˚
e
j h˚ae
N˚ ei h˚be h˚ab
]
(24)
when trivial, constant, N–connection coefficients are computed N˚ ej = h˚
ebg˚jb
for any given sets h˚eb and g˚jb, i.e. from the inverse metrics coefficients
defined respectively on hG = SO(n + 1) and by off–blocks (n × n)– and
(m × m)–terms of the metric g˚αβ . As a result, we define an equivalent d–
metric structure of type (A.7)
g˚ = g˚ij e
i ⊗ ej + h˚ab e˚
a ⊗ e˚b, (25)
ei = dxi, e˚a = dya + N˚ai dx
i
defining a trivial (n +m)–splitting g˚ =g˚⊕
N˚
h˚ because all nonholonomy co-
efficients W˚ γαβ and N–connection curvature coefficients Ω˚
a
ij are zero.
We can consider any covariant coordinate transforms of (25) preserving
the (n +m)–splitting resulting in any W γαβ = 0 (A.10) and Ω
a
ij = 0 (A.5).
It should be noted that even such trivial parametrizations define algebraic
classifications of symmetric Riemannian spaces of dimension n+m with con-
stant matrix curvature admitting splitting (by certain algebraic constraints)
into symmetric Riemannian subspaces of dimension n and m, also both with
constant matrix curvature and introducing the concept of N–anholonomic
Riemannian space of type V˚ = [hG = SO(n + 1), vG = SO(m + 1), N˚ ei ].
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There are such trivially N–anholonomic group spaces which possess a Lie
d–algebra symmetry so
N˚
(n+m) + so(n)⊕ so(m).
The next generalization of constructions is to consider nonhlonomic dis-
tributions on V = G/SO(n +m) defined locally by arbitrary N–connection
coefficients Nai (x, y) with nonvanishing W
γ
αβ and Ω
a
ij but with constant d–
metric coefficients when
g = g˚ij e
i ⊗ ej + h˚ab e
a ⊗ eb, (26)
ei = dxi, ea = dya +Nai (x, y)dx
i.
This metric is equivalent to a metric (A.1) considered in Proposition 2.1
when d–metric gα′β′ = [gi′j′ , ha′b′ ] (A.7) with constant coefficients gi′j′ =
0gi′j′ = g˚ij and ha′b′ = 0ha′b′ = h˚ab, in this section induced by the
corresponding Lie d–algebra structure so
N˚
(n +m). Such spaces transform
into N–anholonomic Riemann–Cartan manifolds V˚N = [hG = SO(n + 1),
vG = SO(m + 1), N ei ] with nontrivial N–connection curvature and in-
duced d–torsion coefficients of the canonical d–connection (see formulas
(A.17) computed for constant d–metric coefficients and the canonical d–
connection coefficients in (A.13)). One has zero curvature for the canon-
ical d–connection (in general, such spaces are curved ones with generic
off–diagonal metric (26) and nonzero curvature tensor for the Levi–Civita
connection).10 This allows us to classify the N–anholonomic manifolds (and
vector bundles) as having the same group and algebraic structures of couples
of symmetric Riemannian spaces of dimension n and m but nonholonomi-
cally soldered to the symmetric Riemannian space of dimension n+m.With
respect to N–adapted orthonormal bases (20), with distinguished h– and v–
subspaces, we obtain the same inner products and group and Lie algebra
spaces as in (23).
3.2.2 N–anholonomic Klein spaces
The bi–Hamiltonian and solitonic constructions are based on an extrinsic
approach soldering the Riemannian symmetric–space geometry to the Klein
geometry [33]. For the N–anholonomic spaces of dimension n +m, with a
constant d–curvature, similar constructions hold true but we have to adapt
them to the N–connection structure.
There are two Hamiltonian variables given by the principal normals hν
and vν, respectively, in the horizontal and vertical subspaces, defined by
10Introducing, constant values for the d–metric coefficients we get zero coefficients for
the canonical d–connection which in its turn results in zero values of (A.19).
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the canonical d–connection D = (hD, vD), see formulas (18) and (19),
hν + DhXhX = ν
biebi and
vν + DvXvX = ν
baeba.
This normal d–vector v = ( hν, vν), with components of type να = (νi,
νa) = (ν1, ν
bi, νn+1, νba), is in the tangent direction of curve γ. There is also
the principal normal d–vector ̟ = ( h̟, v̟) with components of type
̟α = (̟i, ̟a) = (̟1,̟
bi,̟n+1,̟ba) in the flow direction, with
h̟ + DhYhX =̟
biebi,
v̟ + DvYvX = ̟
baeba,
representing a Hamiltonian d–covector field. We can consider that the
normal part of the flow d–vector h⊥ + Y⊥ = h
biebi + h
baeba represents a
Hamiltonian d–vector field. For such configurations, we can consider par-
allel N–adapted frames eα′ = (ei′ , ea′) when the h–variables ν
bi′ , ̟
bi′ , h
bi′ are
respectively encoded in the top row of the horizontal canonical d–connection
matrices Γ j
′
hX i′ and Γ
j′
hY i′ and in the row matrix
(
ei
′
Y
)
⊥
+ ei
′
Y − g‖ e
i′
X
where g‖ + g(hY,hX) is the tangential h–part of the flow d–vector.
A similar encoding holds for v–variables ν
ba′ ,̟
ba′ , h
ba′ in the top row of
the vertical canonical d–connection matrices Γ b
′
vX a′ and Γ
b′
vY a′ and in
the row matrix
(
ea
′
Y
)
⊥
+ ea
′
Y − h‖ e
a′
X where h‖ + h(vY,vX) is the tan-
gential v–part of the flow d–vector. In a compact form of notations, we
shall write vα
′
and ̟α
′
where the primed small Greek indices α′, β′, ... will
denote both N–adapted and then orthonormalized components of geomet-
ric objects (like d–vectors, d–covectors, d–tensors, d–groups, d–algebras,
d–matrices) admitting further decompositions into h– and v–components
defined as nonintegrable distributions of such objects.
With respect to N–adapted orthonormalized frames, the geometry of N–
anholonomic manifolds is defined algebraically, on their tangent bundles,
by couples of horizontal and vertical Klein geometries considered in [33]
and for bi–Hamiltonian soliton constructions in [16]. The N–connection
structure induces a N–anholonomic Klein space stated by two left–invariant
hg– and vg–valued Maurer–Cartan form on the Lie d–group G = (hG, vG)
is identified with the zero–curvature canonical d–connection 1–form GΓ =
{ GΓα
′
β′}, where
GΓα
′
β′ =
GΓα
′
β′γ′e
γ′ = hGLi
′
j′k′e
k′+ vGCi
′
j′k′e
k′ . For trivial
N–connection structure in vector bundles with the base and typical fiber
spaces being symmetric Riemannian spaces, we can consider that hGLi
′
j′k′
and vGCi
′
j′k′ are the coefficients of the Cartan connections
hGL and vGC,
respectively for the hG and vG, both with vanishing curvatures, i.e. with
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d GΓ+12 [
GΓ, GΓ] = 0and h– and v–components, d hGL+ 12 [
hGL, hGL] = 0
and d vGC + 12 [
vGC, vGC] = 0, where d denotes the total derivatives
on the d–group manifold G = hG ⊕ vG or their restrictions on hG or
vG. We can consider that GΓ defines the so–called Cartan d–connection
for nonintegrable N–connection structures, see details and noncommutative
developments in [1, 8].
Through the Lie d–algebra decompositions g = hg⊕ vg, for the horizon-
tal splitting: hg = so(n) ⊕ hp, when [hp, hp] ⊂ so(n) and [so(n), hp] ⊂ hp;
for the vertical splitting vg = so(m) ⊕ vp, when [vp, vp] ⊂ so(m) and
[so(m), vp] ⊂ vp, the Cartan d–connection determines an N–anholonomic
Riemannian structure on the nonholonomic bundle E˚ = [hG = SO(n + 1),
vG = SO(m+1), N ei ]. For n = m, and canonical d–objects (N–connection,
d–metric, d–connection, ...) derived from (26), or any N–anholonomic space
with constant d–curvatures, the Cartan d–connection transform just in the
canonical d–connection (A.14). It is possible to consider a quotient space
with distinguished structure group VN = G/SO(n)⊕ SO(m) regarding G
as a principal (SO(n)⊕ SO(m))–bundle over E˚, which is a N–anholonomic
bundle. In this case, we can always fix a local section of this bundle and
pull–back GΓ to give a (hg⊕ vg)–valued 1–form gΓ in a point u ∈ E˚.
Any change of local sections define SO(n)⊕ SO(m) gauge transforms of the
canonical d–connection gΓ, all preserving the nonholonomic decomposition
(A.4).
There are involutive automorphisms hσ = ±1 and vσ = ±1, respec-
tively, of hg and vg, defined that so(n) (or so(m)) is eigenspace hσ = +1
(or vσ = +1) and hp (or vp) is eigenspace hσ = −1 (or vσ = −1). It is pos-
sible both a N–adapted decomposition and taking into account the existing
eigenspaces, when the symmetric parts Γ +12 (
gΓ+σ (gΓ)) , with respective
h- and v–splitting L +12
(
hgL+hσ
(
hgL
))
and C +12(
vgC+hσ(vgC)), defines
a (so(n)⊕ so(m))–valued d–connection 1–form. Under such conditions, the
antisymmetric part e +12 (
gΓ−σ (gΓ)) , with respective h- and v–splitting
he +12
(
hgL−hσ
(
hgL
))
and ve +12(
vgC − hσ(vgC)), defines a (hp ⊕ vp)–
valued N–adapted coframe for the Cartan–Killing inner product < ·, · >p on
TuG ≃ hg ⊕ vg restricted to TuVN ≃ p. This inner product, distinguished
into h- and v–components, provides a d–metric structure of type g = [g, h]
(A.7),where g =< he⊗he >hp and h =< ve⊗ve >vp on VN = G/SO(n)⊕
SO(m).
We generate a G( = hG⊕ vG)–invariant d–derivative D whose restric-
tion to the tangent space TVN for any N–anholonomic curve flow γ(τ, l) in
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VN = G/SO(n)⊕ SO(m) is defined via
DXe = [e, γl⌋Γ] and DYe = [e, γτ ⌋Γ] , (27)
admitting further h- and v–decompositions. The derivatives DX and DY
are equivalent to those considered in (17) and obey the Cartan structure
equations (21) and (22). For the canonical d–connections, a large class of
N–anholonomic spaces of dimension n = m, the d–torsions are zero and the
d–curvatures are with constant coefficients.
Let eα
′
= (ei
′
, ea
′
) be a N–adapted orthonormalized coframe being iden-
tified with the (hp⊕ vp)–valued coframe e in a fixed orthonormal basis for
p =hp ⊕ vp ⊂hg⊕ vg. Considering the kernel/ cokernel of Lie algebra mul-
tiplications in the h- and v–subspaces, respectively, [ehX, ·]hg and [evX, ·]vg ,
we can decompose the coframes into parallel and perpendicular parts with
respect to eX. We write
e = (eC = heC + veC , eC⊥ = heC⊥ + veC⊥),
for p( = hp ⊕ vp)–valued mutually orthogonal d–vectors eC and eC⊥ ,
when there are satisfied the conditions [eX, eC ]g = 0 but [eX, eC⊥ ]g 6= 0;
such conditions can be stated in h- and v–component form, respectively,
[heX, heC ]hg = 0, [heX, heC⊥ ]hg 6= 0 and [veX, veC ]vg = 0, [veX, veC⊥ ]vg 6=
0. One holds also the algebraic decompositions
TuVN ≃ p =hp⊕ vp = g =hg⊕ vg/so(n)⊕ so(m)
and
p = pC ⊕ pC⊥ = (hpC ⊕ vpC)⊕ (hpC⊥ ⊕ vpC⊥) ,
with p‖ ⊆ pC and pC⊥ ⊆ p⊥, where
[
p‖, pC
]
= 0, < pC⊥ , pC >= 0, but[
p‖, pC⊥
]
6= 0 (i.e. pC is the centralizer of eX in p =hp ⊕ vp ⊂hg ⊕ vg);
in h- and v–components, one have hp‖ ⊆ hpC and hpC⊥ ⊆ hp⊥, where[
hp‖, hpC
]
= 0, < hpC⊥ , hpC >= 0, but
[
hp‖, hpC⊥
]
6= 0 (i.e. hpC is
the centralizer of ehX in hp ⊂hg) and vp‖ ⊆ vpC and vpC⊥ ⊆ vp⊥, where[
vp‖, vpC
]
= 0, < vpC⊥ , vpC >= 0, but
[
vp‖, vpC⊥
]
6= 0 (i.e. vpC is the
centralizer of evX in vp ⊂vg). Using the canonical d–connection derivative
DX of a d–covector perpendicular (or parallel) to eX, we get a new d–vector
which is parallel (or perpendicular) to eX, i.e. DXeC ∈ pC⊥ (or DXeC⊥ ∈
pC); in h- and v–components such formulas are writtenDhXheC ∈ hpC⊥ (or
DhXheC⊥ ∈ hpC) and DvXveC ∈ vpC⊥ (or DvXveC⊥ ∈ vpC). All such d–
algebraic relations can be written in N–anholonomic manifolds and canonical
d–connection settings, for instance, using certain relations of type
DX(e
α′)C = v
α′
β′(e
β′)C⊥ and DX(e
α′)C⊥ = −v
α′
β′(e
β′)C ,
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for some antisymmetric d–tensors vα
′β′ = −vβ
′α′ . We get a N–adapted
(SO(n)⊕ SO(m))–parallel frame defining a generalization of the concept of
Riemannian parallel frame on N–adapted manifolds whenever pC is larger
than p‖. Substituting e
α′ = (ei
′
, ea
′
) into the last formulas and considering
h- and v–components, we define SO(n)–parallel and SO(m)–parallel frames
(for simplicity we omit these formulas when the Greek small letter indices
are split into Latin small letter h- and v–indices).
The final conclusion of this section is that the Cartan structure equations
on hypersurfaces swept out by nonholonomic curve flows on N–anholonomic
spaces with constant matrix curvature for the canonical d–connection ge-
ometrically encode two O(n − 1)– and O(m − 1)–invariant, respectively,
horizontal and vertical bi–Hamiltonian operators. This holds true if the dis-
tinguished by N–connection freedom of the d–group action SO(n)⊕SO(m)
on e and Γ is used to fix them to be a N–adapted parallel coframe and its as-
sociated canonical d–connection 1–form is related to the canonical covariant
derivative on N–anholonomic manifolds.
4 Bi–Hamiltonians and N–adapted Vector Solitons
Introducing N–adapted orthonormalized bases, for N–anholonomic mani-
folds of dimension n + m, with constant curvatures of the canonical d–
connection, we can derive bi–Hamiltonian and vector soliton structures. In
symbolic, abstract index form, the constructions for nonholonomic vector
bundles are similar to those for the Riemannian symmetric–spaces soldered
to Klein geometry. We have to distinguish the horizontal and vertical com-
ponents of geometric objects and related equations.
4.1 Basic equations for N–anholonomic curve flows
In this section, we shall prove the results for the h–components of certain
N–anholonomic manifolds with constant d–curvature and then dub the for-
mulas for the v–components omitting similar details.
There is an isomorphism between the real space so(n) and the Lie algebra
of n×n skew–symmetric matrices. This allows to establish an isomorphism
between hp ≃ Rn and the tangent spaces TxM = so(n + 1)/ so(n) of the
Riemannian manifold M = SO(n+1)/ SO(n) as described by the following
canonical decomposition
hg = so(n + 1) ⊃ hp ∈
[
0 hp
−hpT h0
]
for h0 ∈hh = so(n)
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with hp = {pi
′
} ∈Rn being the h–component of the d–vector p = (pi
′
,pa
′
)
and hpT mean the transposition of the row hp. The Cartan–Killing inner
product on hg is stated following the rule
hp·hp =
〈[
0 hp
−hpT h0
]
,
[
0 hp
−hpT h0
]〉
+
1
2
tr
{[
0 hp
−hpT h0
]T [
0 hp
−hpT h0
]}
,
where tr denotes the trace of the corresponding product of matrices. This
product identifies canonically hp ≃ Rn with its dual hp∗ ≃ Rn. In a similar
form, we can consider
vg = so(m+ 1) ⊃ vp ∈
[
0 vp
−vpT v0
]
for v0 ∈vh = so(m)
with vp = {pa
′
} ∈Rm being the v–component of the d–vector p = (pi
′
,pa
′
)
and define the Cartan–Killing inner product vp·vp +12tr{...}. In general,
in the tangent bundle of a N–anholonomic manifold, we can consider the
Cartan–Killing N–adapted inner product p · p =hp·hp+vp·vp.
Following the introduced Cartan–Killing parametrizations, we analyze
the flow γ(τ, l) of a non–stretching curve in VN = G/SO(n)⊕ SO(m).
Let us introduce a coframe e ∈ T ∗γVN ⊗ (hp⊕vp), which is a N–adapted
(SO(n)⊕SO(m))–parallel basis along γ, and its associated canonical d–con-
nection 1–form Γ ∈ T ∗γVN⊗(so(n)⊕so(m)). Such d–objects are respectively
parametrized:
eX = ehX + evX,
where (for (1,
−→
0 ) ∈ Rn,
−→
0 ∈ Rn−1 and (1,
←−
0 ) ∈ Rm,
←−
0 ∈ Rm−1, ) ehX =
γhX⌋he =
[
0 (1,
−→
0 )
−(1,
−→
0 )T h0
]
, evX = γvX⌋ve =
[
0 (1,
←−
0 )
−(1,
←−
0 )T v0
]
;
Γ = [ΓhX,ΓvX] ,
for
ΓhX=γhX⌋L =
[
0 (0,
−→
0 )
−(0,
−→
0 )T L
]
∈ so(n+ 1),
where L =
[
0 −→v
−−→v T h0
]
∈ so(n), −→v ∈ Rn−1, h0 ∈so(n− 1), and
ΓvX=γvX⌋C =
[
0 (0,
←−
0 )
−(0,
←−
0 )T C
]
∈ so(m+ 1),
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where C =
[
0 ←−v
−←−v T v0
]
∈ so(m), ←−v ∈ Rm−1, v0 ∈so(m− 1).
The above parametrizations are fixed in order to preserve the SO(n) and
SO(m) rotation gauge freedoms on the N–adapted coframe and canonical
d–connection 1–form, distinguished in h- and v–components.
There are defined decompositions of horizontal SO(n + 1)/ SO(n) ma-
trices like
hp ∋
[
0 hp
−hpT h0
]
=
 0
(
hp‖,
−→
0
)
−
(
hp‖,
−→
0
)T
h0

+
[
0
(
0, h−→p⊥
)
−
(
0, h−→p ⊥
)T
h0
]
,
into tangential and normal parts relative to ehX via corresponding decom-
positions of h–vectors hp = (hp‖,h
−→p ⊥) ∈R
n relative to
(
1,
−→
0
)
, when hp‖
is identified with hpC and h
−→p⊥ is identified with hp⊥ = hpC⊥ . In a similar
form, it is possible to decompose vertical SO(m+ 1)/ SO(m) matrices,
vp ∋
[
0 vp
−vpT v0
]
=
 0
(
vp‖,
←−
0
)
−
(
vp‖,
←−
0
)T
v0

+
[
0
(
0, v←−p ⊥
)
−
(
0, v←−p⊥
)T
v0
]
,
into tangential and normal parts relative to evX via corresponding decom-
positions of h–vectors vp = (vp‖,v
←−p ⊥) ∈R
m relative to
(
1,
←−
0
)
, when vp‖
is identified with vpC and v
←−p ⊥ is identified with vp⊥ = vpC⊥ .
The canonical d–connection induces matrices decomposed with respect
to the flow direction. In the h–direction, we parametrize
ehY = γτ⌋he =
[
0
(
he‖, h
−→e ⊥
)
−
(
he‖, h
−→e ⊥
)T
h0
]
,
when ehY ∈ hp,
(
he‖, h
−→e ⊥
)
∈ Rn and h−→e ⊥ ∈ R
n−1, and
ΓhY=γhY⌋L =
[
0 (0,
−→
0 )
−(0,
−→
0 )T h̟τ
]
∈ so(n+ 1), (28)
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where h̟τ=
[
0 −→̟
−−→̟T hΘ
]
∈ so(n), −→̟ ∈ Rn−1, hΘ ∈so(n− 1).
In the v–direction, we parametrize
evY = γτ ⌋ve =
[
0
(
ve‖, v
←−e ⊥
)
−
(
ve‖, v
←−e ⊥
)T
v0
]
,
when evY ∈ vp,
(
ve‖, v
←−e ⊥
)
∈ Rm and v←−e ⊥ ∈ R
m−1, and
ΓvY=γvY⌋C =
[
0 (0,
←−
0 )
−(0,
←−
0 )T v̟τ
]
∈ so(m+ 1),
where v̟τ=
[
0 ←−̟
−←−̟T vΘ
]
∈ so(m), ←−̟ ∈ Rm−1, vΘ ∈so(m− 1).
The components he‖ and h
−→e ⊥ correspond to the decomposition
ehY = hg(γτ , γl)ehX + (γτ )⊥⌋he⊥
into tangential and normal parts relative to ehX. In a similar form, one
considers ve‖ and v
←−e ⊥ corresponding to the decomposition
evY = vg(γτ , γl)evX + (γτ )⊥⌋ve⊥.
Using the above stated matrix parametrizations, we get
[ehX, ehY] = −
[
0 0
0 he⊥
]
∈ so(n+ 1), (29)
for he⊥ =
[
0 h−→e ⊥
−(h−→e ⊥)
T h0
]
∈ so(n);
[ΓhY, ehY] = −
[
0 (0,−→̟)
− (0,−→̟)T 0
]
∈ hp⊥;
[ΓhX, ehY] = −
[
0
(
−−→v · h−→e ⊥, he‖
−→v
)
−
(
−−→v · h−→e ⊥, he‖
−→v
)T
h0
]
∈ hp;
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and
[evX, evY] = −
[
0 0
0 ve⊥
]
∈ so(m+ 1), (30)
for ve⊥ =
[
0 v−→e ⊥
−(v−→e ⊥)
T v0
]
∈ so(m);
[ΓvY, evY] = −
[
0 (0,←−̟)
− (0,←−̟)T 0
]
∈ vp⊥;
[ΓvX, evY] = −
[
0
(
−←−v · v←−e ⊥, ve‖
←−v
)
−
(
−←−v · v←−e ⊥, ve‖
←−v
)T
v0
]
∈ vp.
We can use formulas (29) and (30) in order to write the structure equa-
tions (21) and (22) in terms of N–adapted curve flow operators soldered to
the geometry Klein N–anholonomic spaces using the relations (27). One
obtains respectively the G–invariant N–adapted torsion and curvature gen-
erated by the canonical d–connection,
T(γτ , γl) = (DXγτ −DYγl)⌋e = DXeY−DYeX+[ΓX, eY]−[ΓY, eX] (31)
and
R(γτ , γl)e = [DX,DY] e = DXΓY −DYΓX + [ΓX,ΓY] (32)
where eX + γl⌋e, eY + γτ⌋e, ΓX + γl⌋Γ and ΓY + γτ⌋Γ. The formulas
(31) and (32) are equivalent, respectively, to (A.17) and (A.19). In general,
T(γτ , γl) 6= 0 and R(γτ , γl)e can not be defined to have constant matrix
coefficients with respect to a N–adapted basis. For N–anholonomic spaces
with dimensions n = m, we have a more special d–connections also with
possible constant, or vanishing, d–curvature and d–torsion coefficients (see
discussions related to formulas (A.14)). For such cases, we can consider the
h– and v–components of (31) and (32) in a similar manner as for symmetric
Riemannian spaces but for a d–connection D instead of the Levi–Civita one
∇. We obtain
0 = (DhXγτ −DhYγl)⌋he (33)
= DhXehY −DhYehX + [LhX, ehY]− [LhY, ehX] ;
0 = (DvXγτ −DvYγl)⌋ve
= DvXevY −DvYevX + [CvX, evY ]− [CvY, evX] ,
hR(γτ , γl)he = [DhX,DhY] he = DhXLhY −DhYLhX + [LhX,LhY]
vR(γτ , γl)ve = [DvX,DvY] ve = DvXCvY −DvYCvX + [CvX,CvY ] .
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Following N–adapted curve flow parametrizations (29) and (30), the
equations (33) are written
0 = DhXhe‖ +
−→v · h−→e ⊥, 0 = DvXve‖ +
←−v · v←−e ⊥; (34)
0 = −→̟ − he‖
−→v +DhXh
−→e ⊥, 0 =
←−̟ − ve‖
←−v +DvXv
←−e ⊥;
DhX
−→̟ −DhY
−→v +−→v ⌋hΘ = h−→e ⊥, DvX
←−̟ −DvY
←−v +←−v ⌋vΘ =v←−e ⊥;
DhXhΘ−
−→v ⊗−→̟+−→̟ ⊗ −→v = 0, DvXvΘ−
←−v ⊗←−̟+←−̟ ⊗←−v = 0.
The tensor and interior products, for instance, for the h–components, are
defined in the form: ⊗ denotes the outer product of pairs of vectors (1× n
row matrices), producing n×nmatrices
−→
A⊗
−→
B =
−→
AT
−→
B, and ⌋ denotes mul-
tiplication of n× n matrices on vectors (1× n row matrices); one holds the
properties
−→
A⌋
(−→
B ⊗
−→
C
)
=
(−→
A ·
−→
B
)−→
C which is the transpose of the stan-
dard matrix product on column vectors, and
(−→
B ⊗
−→
C
)−→
A =
(−→
C ·
−→
A
)−→
B.
Here we note that similar formulas hold for the v–components but, for in-
stance, we have to change, correspondingly, n→ m and
−→
A →
←−
A.
The variables e‖ and Θ, written in h– and v–components, can be ex-
pressed correspondingly in terms of variables −→v ,−→̟, h−→e ⊥ and
←−v ,←−̟, v←−e ⊥
(see equations (34)),
he‖ = −D
−1
hX(
−→v · h−→e ⊥), ve‖ = −D
−1
vX(
←−v · v←−e ⊥),
and hΘ = D−1hX (
−→v ⊗−→̟ − −→̟ ⊗ −→v ) , vΘ = D−1vX (
←−v ⊗←−̟ −←−̟ ⊗←−v ) . Sub-
stituting these values, respectively, in equations in (34), we express
−→̟ = −DhXh
−→e ⊥−D
−1
hX(
−→v ·h−→e ⊥)
−→v , ←−̟ = −DvXv
←−e ⊥−D
−1
vX(
←−v ·v←−e ⊥)
←−v ,
contained in the h– and v–flow equations respectively on −→v and ←−v , consid-
ered as scalar components when DhY
−→v = −→v τ and DhY
←−v =←−v τ ,
−→v τ = DhX
−→̟ − −→v ⌋D−1hX (
−→v ⊗−→̟ − −→̟ ⊗ −→v )−
−→
Rh−→e ⊥, (35)
←−v τ = DvX
←−̟ −←−v ⌋D−1vX (
←−v ⊗←−̟ −←−̟ ⊗←−v )−
←−
S v←−e ⊥,
where the scalar curvatures of chosen d–connection,
−→
R and
←−
S are defined
by formulas (A.21) in Appendix. For symmetric Riemannian spaces like
SO(n + 1)/SO(n) ≃ Sn, the value
−→
R is just the scalar curvature χ = 1,
see [17]. On N–anholonomic (pseudo) Riemannian manifolds, it is possible
to define such d–connections that
−→
R and
←−
S are certain zero or nonzero
constants, see Corollary 2.1.
The above presented considerations consist the proof of
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Lemma 4.1 On N–anholonomic (pseudo) Riemannian manifolds with con-
stant curvature matrix coefficients for a d–connection, there are N–adapted
Hamiltonian symplectic operators,
hJ = DhX +D
−1
hX (
−→v ·)−→v and vJ = DvX +D
−1
vX (
←−v ·)←−v , (36)
and cosymplectic operators
hH + DhX +
−→v ⌋D−1hX (
−→v ∧) and vH + DvX +
←−v ⌋D−1vX (
←−v ∧) , (37)
where, for instance,
−→
A ∧
−→
B =
−→
A ⊗
−→
B −
−→
B⊗
−→
A.
The properties of operators (36) and (37) are defined by
Theorem 4.1 The d–operators J =(hJ , vJ ) and H =(hH, vH) are re-
spectively (O(n− 1), O(m− 1))–invariant Hamiltonian symplectic and cosym-
plectic d–operators with respect to the Hamiltonian d–variables (−→v ,←−v ) .
Such d–operators defines the Hamiltonian form for the curve flow equa-
tions on N–anholonomic (pseudo) Riemannian manifolds with constant d–
connection curvature: the h–flows are given by
−→v τ = hH (
−→̟)−
−→
R h−→e ⊥ = hR
(
h−→e ⊥
)
−
−→
R h−→e ⊥,
−→̟ = hJ
(
h−→e ⊥
)
; (38)
the v–flows are given by
←−v τ = vH (
←−̟)−
←−
S v←−e ⊥ = vR
(
v←−e ⊥
)
−
←−
S v←−e ⊥,
←−̟ = vJ
(
v←−e ⊥
)
, (39)
where the so–called heriditary recursion d–operator has the respective h– and
v–components
hR = hH ◦ hJ and vR = vH ◦ vJ . (40)
Proof. One follows from the Lemma and (35). In a detailed form,
for holonomic structures, it is given in Ref. [12] and discussed in [17]. The
above considerations, in this section, provides a soldering of certain classes of
N–anholonomic (pseudo) Riemannian manifolds with (O(n− 1), O(m − 1))–
gauge symmetry to the geometry of Klein N–anholonomic spaces.
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4.2 Bi–Hamiltonian curve flows and solitonic hierarchies
Following a usual solitonic techniques, see details in Ref. [16, 17], the recur-
sion h–operator from (40),
hR = DhX
(
DhX +D
−1
hX (
−→v ·)−→v
)
+−→v ⌋D−1hX (
−→v ∧DhX) (41)
= D2hX + |DhX|
2 +D−1hX (
−→v ·)−→v l −
−→v ⌋D−1hX(
−→v l∧),
generates a horizontal hierarchy of commuting Hamiltonian vector fields
h−→e
(k)
⊥ starting from h
−→e
(0)
⊥ =
−→v l given by the infinitesimal generator of
l–translations in terms of arclength l along the curve (we use a boldface l
in order to emphasized that the curve is on a N–anholonomic manifold).
A vertical hierarchy of commuting vector fields v←−e
(k)
⊥ starting from v
←−e
(0)
⊥
=←−v l is generated by the recursion v–operator
vR = DvX
(
DvX +D
−1
vX (
←−v ·)←−v
)
+←−v ⌋D−1vX (
←−v ∧DvX) (42)
= D2vX + |DvX|
2 +D−1vX (
←−v ·)←−v l −
←−v ⌋D−1vX(
←−v l∧).
There are related hierarchies, generated by adjoint operators R∗ = (hR∗,
vR∗), of involuntive Hamiltonian h–covector fields −→̟(k) = δ
(
hH(k)
)
/δ−→v in
terms of Hamiltonians hH = hH(k)(−→v ,−→v l,
−→v 2l, ...) starting from
−→̟(0) =
−→v , hH(0) = 12 |
−→v |2 and of involutive Hamiltonian v–covector fields ←−̟(k) =
δ
(
vH(k)
)
/ δ←−v in terms of Hamiltonians vH = vH(k)(←−v ,←−v l,
←−v 2l, ...) start-
ing from ←−̟(0) = ←−v , vH(0) = 12 |
←−v |2. The relations between hierarchies are
established correspondingly by formulas
h−→e
(k)
⊥ = hH
(
−→̟(k),−→̟(k+1)
)
= hJ
(
h−→e
(k)
⊥
)
,
v←−e
(k)
⊥ = vH
(
←−̟(k),←−̟(k+1)
)
= vJ
(
v←−e
(k)
⊥
)
,
where k = 0, 1, 2, .... All hierarchies (horizontal, vertical and their adjoint
ones) have a typical mKdV scaling symmetry, for instance, l→ λl and −→v →
λ−1−→v under which the values h−→e
(k)
⊥ and hH
(k) have scaling weight 2 + 2k,
while −→̟(k) has scaling weight 1 + 2k.
The above presented considerations prove
Corollary 4.1 There are N–adapted hierarchies of distinguished horizontal
and vertical commuting bi–Hamiltonian flows, correspondingly, on −→v and
←−v associated to the recursion d–operator (40) given by O(n− 1)⊕O(m− 1)
–invariant d–vector evolution equations,
−→v τ = h
−→e
(k+1)
⊥ −
−→
R h−→e
(k)
⊥ = hH
(
δ
(
hH(k,
−→
R )
)
/δ−→v
)
= (hJ )−1
(
δ
(
hH(k+1,
−→
R )
)
/δ−→v
)
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with horizontal Hamiltonians hH(k+1,
−→
R) = hH(k+1,
−→
R ) −
−→
R hH(k,
−→
R) and
←−v τ = v
←−e
(k+1)
⊥ −
←−
S v←−e
(k)
⊥ = vH
(
δ
(
vH(k,
←−
S )
)
/δ←−v
)
= (vJ )−1
(
δ
(
vH(k+1,
←−
S )
)
/δ←−v
)
with vertical Hamiltonians vH(k+1,
←−
S ) = vH(k+1,
←−
S ) −
←−
S vH(k,
←−
S ), for k =
0, 1, 2, ..... The d–operators H and J are N–adapted and mutually compatible
from which one can be constructed an alternative (explicit) Hamilton d–
operator aH = H ◦ J ◦H =R◦H.
4.2.1 Formulation of the main theorem
The main goal of this paper is to prove that the geometric data for any
(pseudo) Riemannian metric naturally define a N–adapted bi–Hamiltonian
flow hierarchy inducing anholonomic solitonic configurations.
Theorem 4.2 For any N–anholonomic (pseudo) Riemannian manifold with
prescribed d–metric structure, there is a hierarchy of bi-Hamiltonian N–
adapted flows of curves γ(τ, l) = hγ(τ, l) + vγ(τ, l) described by geometric
nonholonomic map equations. The 0 flows are defined as convective (travel-
ling wave) maps
γτ = γl, distinguished (hγ)τ = (hγ)hX and (vγ)τ = (vγ)vX . (43)
There are +1 flows defined as non–stretching mKdV maps
− (hγ)τ = D
2
hX (hγ)hX +
3
2
|DhX (hγ)hX|
2
hg
(hγ)hX , (44)
− (vγ)τ = D
2
vX (vγ)vX +
3
2
|DvX (vγ)vX|
2
vg
(vγ)vX ,
and the +2,... flows as higher order analogs. Finally, the -1 flows are defined
by the kernels of recursion operators (41) and (42) inducing non–stretching
maps
DhY (hγ)hX = 0 and DvY (vγ)vX = 0. (45)
Proof. It is given in the next section 4.2.2.
For similar constructions in gravity models with nontrivial torsion and
nonholonomic structure and related geometry of noncommutative spaces
and anholonomic spinors, it is important [1, 8].
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4.2.2 Proof of the main theorem
We provide a proof of Theorem 4.2 for the horizontal flows. The approach is
based on the method provided in Section 3 of Ref. [16] but in this work the
Levi– Civita connection on symmetric Riemannian spaces is substituted by
the horizontal components of a d–connection with constant d–curvature coef-
ficients. The vertical constructions are similar but with respective changing
of h– variables / objects into v- variables/ objects.
One obtains a vector mKdV equation up to a convective term (can be
absorbed by redefinition of coordinates) defining the +1 flow for h−→e ⊥ =
−→v l,
−→v τ =
−→v 3l +
3
2
|−→v |2 −
−→
R −→v l,
when the +(k+1) flow gives a vector mKdV equation of higher order 3+2k
on −→v and there is a 0 h–flow −→v τ =
−→v l arising from h
−→e ⊥ = 0 and h
−→e ‖ = 1
belonging outside the hierarchy generated by hR. Such flows correspond to
N–adapted horizontal motions of the curve γ(τ, l) = hγ(τ, l)+vγ(τ, l), given
by
(hγ)τ = f
(
(hγ)hX ,DhX (hγ)hX ,D
2
hX (hγ)hX , ...
)
subject to the non–stretching condition | (hγ)hX |hg = 1, when the equation
of motion is to be derived from the identifications
(hγ)τ ←→ ehY,DhX (hγ)hX ←→ DhXehX = [LhX, ehX]
and so on, which maps the constructions from the tangent space of the curve
to the space hp. For such identifications, we have
[LhX, ehX] = −
[
0 (0,−→v )
− (0,−→v )T h0
]
∈ hp,
[LhX, [LhX, ehX]] = −
 0
(
|−→v |2,
−→
0
)
−
(
|−→v |2,
−→
0
)T
h0

and so on, see similar calculus in (29). At the next step, stating for the +1
h–flow
h−→e ⊥ =
−→v l and h
−→e ‖ = −D
−1
hX (
−→v · −→v l) = −
1
2
|−→v |2,
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we compute
ehY =
[
0
(
he‖, h
−→e ⊥
)
−
(
he‖, h
−→e ⊥
)T
h0
]
= −
1
2
|−→v |2
 0
(
1,
−→
0
)
−
(
0,
−→
0
)T
h0
+ [ 0 (0,−→v hX)
− (0,−→v hX)
T
h0
]
= DhX [LhX, ehX] +
1
2
[LhX, [LhX, ehX]]
= −DhX [LhX, ehX]−
3
2
|−→v |2ehX.
Following above presented identifications related to the first and second
terms, when
|−→v |2 = < [LhX, ehX] , [LhX, ehX] >hp←→ hg (DhX (hγ)hX ,DhX (hγ)hX)
= |DhX (hγ)hX|
2
hg
,
we can identify DhX [LhX, ehX] to D
2
hX (hγ)hX and write
−ehY ←→ D
2
hX (hγ)hX +
3
2
|DhX (hγ)hX|
2
hg
(hγ)hX
which is just the first equation (44) in the Theorem 4.2 defining a non–
stretching mKdV map h–equation induced by the h–part of the canonical
d–connection.
Using the adjoint representation ad (·) acting in the Lie algebra hg =
hp⊕ so(n), with
ad ([LhX, ehX]) ehX =
 0
(
0,
−→
0
)
−
(
0,
−→
0
)T −→v
 ∈ so(n+ 1),
where−→v = −
[
0 −→v
−−→v T h0
∈ so(n)
]
, and (applying ad ([LhX, ehX]) again)
ad ([LhX, ehX])
2
ehX = −|
−→v |2
 0
(
1,
−→
0
)
−
(
1,
−→
0
)T
0
 = −|−→v |2ehX,
the equation (44) can be represented in alternative form
− (hγ)τ = D
2
hX (hγ)hX −
3
2
−→
R−1ad (DhX (hγ)hX)
2 (hγ)hX ,
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which is more convenient for analysis of higher order flows on −→v subjected
to higher–order geometric partial differential equations. Here we note that
the 0 flow one −→v corresponds to just a convective (linear travelling h–wave
but subjected to certain nonholonomic constraints ) map equation (43).
Now we consider a -1 flow contained in the h–hierarchy derived from
the property that h−→e ⊥ is annihilated by the h–operator hJ and mapped
into hR(h−→e ⊥) = 0.This mean that hJ (h
−→e ⊥) =
−→̟ = 0. Such properties
together with (28) and equations (35) imply Lτ = 0 and hence hDτehX =
[Lτ , ehX] = 0 for hDτ = hDτ +[Lτ , ·]. We obtain the equation of motion for
the h–component of curve, hγ(τ, l), following the correspondences DhY ←→
hDτ and hγl ←→ ehX, DhY (hγ(τ, l)) = 0, which is just the first equation
in (45).
Finally, we note that the formulas for the v–components, stated by The-
orem 4.2 can be derived in a similar form by respective substitution in
the the above proof of the h–operators and h–variables into v–ones, for
instance, hγ → vγ, h−→e ⊥ → v
←−e ⊥,
−→v → ←−v ,−→̟ → ←−̟,DhX → DvX,
DhY → DvY,L→ C,
−→
R →
←−
S , hD →vD, hR→vR,hJ →vJ ,...
4.3 Nonholonomic mKdV and SG hierarchies
We consider explicit constructions when solitonic hierarchies are derived
following the conditions of Theorem 4.2.
The h–flow and v–flow equations resulting from (45) are
−→v τ = −
−→
Rh−→e ⊥ and
←−v τ = −
←−
S v←−e ⊥, (46)
when, respectively,
0 = −→̟ = −DhXh
−→e ⊥ + he‖
−→v , DhXhe‖ = h
−→e ⊥ ·
−→v
and
0 =←−̟ = −DvXv
←−e ⊥ + ve‖
←−v , DvXve‖ = v
←−e ⊥ ·
←−v .
The d–flow equations possess horizontal and vertical conservation laws
DhX
(
(he‖)
2 + |h−→e ⊥|
2
)
= 0,
for (he‖)
2 + |h−→e ⊥|
2 =< heτ , heτ >hp= | (hγ)τ |
2
hg, and
DvY
(
(ve‖)
2 + |v←−e ⊥|
2
)
= 0,
for (ve‖)
2 + |v←−e ⊥|
2 =< veτ , veτ >vp= | (vγ)τ |
2
vg. This corresponds to
DhX| (hγ)τ |
2
hg = 0 and DvX| (vγ)τ |
2
vg = 0.
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It is possible to rescale conformally the variable τ in order to get | (hγ)τ |
2
hg
= 1 and (it could be for other rescaling) | (vγ)τ |
2
vg = 1, i.e. to have
(he‖)
2 + |h−→e ⊥|
2 = 1 and (ve‖)
2 + |v←−e ⊥|
2 = 1.
In this case, we can express he‖ and h
−→e ⊥ in terms of
−→v and its derivatives
and, similarly, we can express ve‖ and v
←−e ⊥ in terms of
←−v and its derivatives,
which follows from (46). The N–adapted wave map equations describing the
-1 flows reduce to a system of two independent nonlocal evolution equations
for the h– and v–components,
−→v τ = −D
−1
hX
(√
−→
R2 − |−→v τ |2
−→v
)
and ←−v τ = −D
−1
vX
(√
←−
S 2 − |←−v τ |2
←−v
)
.
For d–connections with constant scalar d–curvatures, we can rescale the
equations on τ to the case when the terms
−→
R 2,
←−
S 2 = 1, and the evolution
equations transform into a system of hyperbolic d–vector equations,
DhX(
−→v τ ) = −
√
1− |−→v τ |2
−→v and DvX(
←−v τ ) = −
√
1− |←−v τ |2
←−v , (47)
where DhX = ∂hl and DvX = ∂vl are usual partial derivatives on direction
l =hl+vl with −→v τ and
←−v τ considered as scalar functions for the covariant
derivatives DhX and DvX defined by the canonical d–connection. It also
follows that h−→e ⊥ and v
←−e ⊥ obey corresponding vector sine–Gordon (SG)
equations (√
(1− |h−→e ⊥|2)−1 ∂hl(h
−→e ⊥)
)
τ
= −h−→e ⊥ (48)
and (√
(1− |v←−e ⊥|2)−1 ∂vl(v
←−e ⊥)
)
τ
= −v←−e ⊥. (49)
The above presented formulas and Corollary 4.1 imply
Conclusion 4.1 The recursion d–operator R = (hR,hR) (40), see (41)
and (42), generates two hierarchies of vector mKdV symmetries: the first
one is horizontal,
−→v (0)τ =
−→v hl,
−→v (1)τ = hR(
−→v hl) =
−→v 3hl +
3
2
|−→v |2 −→v hl, (50)
−→v (2)τ = hR
2(−→v hl) =
−→v 5hl +
5
2
(
|−→v |2 −→v 2hl
)
hl
+
5
2
(
(|−→v |2)hl hl + |
−→v hl|
2 +
3
4
|−→v |4
)
−→v hl −
1
2
|−→v hl|
2 −→v ,
...,
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with all such terms commuting with the -1 flow
(−→v τ )
−1 = h−→e ⊥ (51)
associated to the vector SG equation (48); the second one is vertical,
←−v (0)τ =
←−v vl,
←−v (1)τ = vR(
←−v vl) =
←−v 3vl +
3
2
|←−v |2 ←−v vl, (52)
←−v (2)τ = vR
2(←−v vl) =
←−v 5vl +
5
2
(
|←−v |2 ←−v 2vl
)
vl
+
5
2
(
(|←−v |2)vl vl + |
←−v vl|
2 +
3
4
|←−v |4
)
←−v vl −
1
2
|←−v vl|
2 ←−v ,
...,
with all such terms commuting with the -1 flow
(←−v τ )
−1 = v←−e ⊥ (53)
associated to the vector SG equation (49).
In its turn, using the above Conclusion, we derive that the adjoint d–
operator R∗ = J ◦ H generates a horizontal hierarchy of Hamiltonians,
hH(0) =
1
2
|−→v |2, hH(1) = −
1
2
|−→v hl|
2 +
1
8
|−→v |4, (54)
hH(2) =
1
2
|−→v 2hl|
2 −
3
4
|−→v |2 |−→v hl|
2 −
1
2
(−→v · −→v hl) +
1
16
|−→v |6, ...,
and vertical hierarchy of Hamiltonians
vH(0) =
1
2
|←−v |2, vH(1) = −
1
2
|←−v vl|
2 +
1
8
|←−v |4, (55)
vH(2) =
1
2
|←−v 2vl|
2 −
3
4
|←−v |2 |←−v vl|
2 −
1
2
(←−v · ←−v vl) +
1
16
|←−v |6, ...,
all of which are conserved densities for respective horizontal and vertical
-1 flows and determining higher conservation laws for the corresponding
hyperbolic equations (48) and (49).
The above presented horizontal equations (48), (50), (51) and (54) and
of vertical equations (49), (52), (53) and (55) have similar mKdV scal-
ing symmetries but on different parameters λh and λv because, in gen-
eral, there are two independent values of scalar curvatures
−→
R and
←−
S , see
(A.21). The horizontal scaling symmetries are hl→λhhl,
−→v → (λh)
−1−→v
and τ → (λh)
1+2k , for k = −1, 0, 1, 2, ... For the vertical scaling symmetries,
one has vl→λvvl,
←−v → (λv)
−1←−v and τ → (λv)
1+2k , for k = −1, 0, 1, 2, ...
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Example 4.1 The simplest way to generate a solitonic hierachy, for in-
stance, defining a solution of vacuum Einstein equations is to take the value
h4 (equivalently, f) in (13) to be a solution of a three dimensional solionic
equation. For instance, for h4 being a solution of
h4
•• + ǫ(h4
′ + 6h4 h
∗
4 + h
∗∗∗
4 )
∗ = 0, ǫ = ±1, (56)
a class of solitonic generic off–diagonal metrics (12) is obtained for ς = 1
and 2nk = 0 and any wi and
1nk solving the constraints (15) and (16).
In Refs. [1, 2, 4, 7, 8], there were provided and reviewed a number of
exact solutions in Einstein, string, gauge, extra dimension, metric–affine,
generalized Finsler–Lagrange and other gravity and/or Ricci flow theories
with nonholonomic commutative and noncommutative variables generated
by nonlinear superpositions of two and/or three dimensional gravitational
solitonic waves on nontrivial (black hole, Taub NUT, pp–wave, wormhole,
black ellipsoid etc) backgrounds. Those classes of solutions where derived
using the N–connection and canonical d–connection and constraints to the
Levi–Civita connection. Such constructions can be equivalently reformu-
lated in terms of a metric compatible d–connection 0Γ˜
γ′
α′β′ (7) and consid-
ered as explicit examples of solitonic hierachies constructed in general form
following Theorem 4.2.
5 Conclusion
In this paper we have developed a method of converting geometric data 11
for a (pseudo) Riemannian metric into alternative nonholonomic structures
and metric compatible linear connections completely defined by the ’origi-
nal’ metric tensor. We proved that for any (semi) Riemannian metric on a
nonholonomic manifold V, dimV = n +m, n ≥ 2 and m ≥ 1, and corre-
sponding classes of nonholonomic frame deformations, there is a choice for
a linear connection (and corresponding Riemannian and Ricci tensors) with
constant coefficients with respect to a class of nonholonomic frames with
associated nonlinear connection (N–connection) structure.
So, the general conclusion is that a (pseudo) Riemannian geometry can
be described not only in terms of the Levi–Civita connection but also using
any metric compatible linear connection if such an alternative connection
is completely defined the same metric structure. We outline in Table 1
the basic formulas for decomposition of the fundamental geometric objects
11and physical data, for instance, in Einstein gravity
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Table 1: Metric connections & geometric structures generated by g = {gαβ}
Geometric Levi–Civita canonical d–connection constant coefficients
objects for: connection d–connection
Co-frames eβ = Aββ(u)du
β eα = [ei = dxi, eα
′
= [ei
′
= dxi
′
,
ea = dya −Naj dx
j ] ea
′
= dya
′
−Na
′
j′ dx
j′ ]
Metric decomp. gαβ = A
α
α A
β
β gαβ gαβ = [gij , hab], 0gα′β′ = [ 0gi′j′ , 0ha′b′ ],
g = gij e
i ⊗ ej g = 0gi′j′ e
i′ ⊗ ej
′
+hab e
a ⊗ eb + 0ha′b′ e
a′ ⊗ eb
′
gi′j′ = A
i
i′A
j
j′
gij ,
ha′b′ = A
a
a′A
b
b′hab
Connections pΓ
γ
αβ pΓ
γ
αβ =
bΓ
γ
αβ + pZ
γ
αβ 0
eΓ
γ′
α′β′
= (bLi
′
j′k′ = 0,
and distorsions bLa
′
b′k′ = 0 bL
a′
b′k′ = const.,
bCi
′
j′c′ = 0, bC
a′
b′c′ = 0)
Riemannian pR
α
βγδ
bRαβγδ 0
eRα
′
β′γ′δ′ = (0, 0 eR
a′
b′j′k′
(d–)tensors = const., 0, 0, 0, 0)
Ricci(d-)tensors bRij =
hλ gij , constraints
Einstein eqs. pRβγ = λgβγ bRab =
vλ hab, on distorsion
bRib = 0, bRbi = 0 d–tensors
under such nonholonomic deformations (in the simplest case) determined by
a N–connection structure.
The local algebraic structure of modelled nonholonomic spaces is de-
fined by a conventional splitting of dimensions with certain holonomic and
nonholonomic variables (defining a distribution of horizontal and vertical
subspaces). Such subspaces are modelled locally as Riemannian symmetric
manifolds and their properties are exhausted by the geometry of distin-
guished Lie groups G = GO(n)⊕ GO(m) and G = SU(n)⊕ SU(m) and
the geometry of N–connections on a conventional vector bundle with base
manifold M, dimM = n, and typical fiber F, dimF = n. This can be
formulated equivalently in terms of geometric objects on couples of Klein
spaces. The bi–Hamiltonian and related solitonic (of type mKdV and SG)
hierarchies are generated naturally by wave map equations and recursion
operators associated to the horizontal and vertical flows of curves on such
spaces.
One should be emphasized that N–connections can be considered both
in (pseudo) Riemannian and Finsler–Lagrange geometries, see discussions
in Refs. [2, 7, 8, 6], but in the first case to prescribe a N–connection is to fix
a conventional (in general, nonholonomic) splitting on the manifold under
consideration. The point is to consider such a splitting and relevant nonholo-
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nomic distribution which are convenient for further solitonic constructions
This allowed us to elaborate a ”solitonic” approach when the geometry of
(semi) Riemannian / Einstein manifolds is encoded into nonholonomic hier-
archies of bi–Hamiltonian structures and related solitonic equations derived
for curve flows on spaces with conventional splitting of dimensions.
The main result of this work is the proof that any metric structure on a
(pseudo) Riemannian manifold can be decomposed into solitonic data with
corresponding hierarchies of nonlinear waves. Such constructions hold true
for more general classes of commutative and noncommutative metric–affine,
Finsler–Lagrange–Hamilton, their generalizations to nonsymmetric metrics
and/or nonholonomic Fedosov manifolds and their Ricci flows [1, 8, 3, 4, 5,
18, 19, 30]. Nevertheless, the solution of the ”inverse” problem to state the
conditions when it is possible to extract certain general (non) commutative
/ (non) holonomic / (non) symmetric geometries etc from a given solitonic
hierarchy it is a purpose for future work.
Let us speculate on possible important consequences for further research
and developments in different branches of mathematics, classical and quan-
tum physics and mechanics of the results obtained in this work:
1. We illustrated how the geometric constructions on Riemannian spaces
can re–defined equivalently in terms of nonholonomic structures, non-
linear connections and associated nonholonomic frames and encoded
into alternative connections with constant coefficient curvatures. Such
nonholonomic transforms allow us to apply a number of geometric
methods formally elaborated in Finsler geometry and Lagrange and
Hamilton mechanics for constructing new classes of exact solutions in
gravity theories and Ricci flow models.
2. The method of nonholonomic frames and deformations can be consid-
ered with ”inverse” purposes, when various types of nonlinear funda-
mental physical interactions are modelled as certain effective mechan-
ical or continuous media theories. This presents certain interest for
possible computer simulations and experimental laboratory research
for a number of effects in modern quantum gravity, black hole physics,
astrophysics and cosmology when real experiments with high energies
are not possible.
3. Analyzing possible curve flows on various type of phase spaces, clas-
sical manifolds and fibred spaces, it is possible to draw very funda-
mental conclusions on the type of interactions and their symmetries,
invariants and conservation laws. Such information can be encoded as
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geometric data on a corresponding class of nonholonomic Klein spaces
and relevant bi–Hamilton operators.
4. A fundamental result advocated in this paper is that the dynamics
of gravitational field interactions in the Einstein gravity and general-
izations can be encoded into certain series of solitonic hierarchies and
associated conservation laws and nonholonomic constraints.
5. The mentioned ”solitonic nonlinear decomposition” of gravitational
interactions presents a substantial interest for elaborating new meth-
ods of quantization and their verification by associated models with
effective quantum liquids, in low–temperature physics etc.
6. Inversely, to the previous point, further developments of the theory of
quantum solitonic equations are possible by using former methods of
deformation and geometric quantization, new concepts from quantum
gravity and gauge theories.
7. In our recent works, we also investigated some connections between the
theory of nonholonomic Ricci flows and constrained curve flows. The
approach has strong connections to the theory of diffusion, stochastic
and kinetic processes and non–equilibrium thermodynamics in locally
anisotropic spaces/media.
8. The elaborated theoretical/geometrical methods from classical and
quantum gravity, for instance, can be applied for a study of nonlinear
solitonic interactions in wave mechanics, electrodynamic processes in
various continuous and nonhomogeneous media.
Finally we note that there are many physically interesting models when
solitonic hierarchies were constructed in modern theories of gravity and Ricci
flows of physically valuable solutions in gravity [1, 2, 4, 7, 8]. They posi-
tively can be imbedded as particular cases of bi–Hamiltonian structures and
related solitonic (of type mKdV and SG) hierarchies constructed in this
work. There are various ideas how to consider anholonomic and parametric
deformations (like in Refs. [2, 4]) of such a hierarchy into another nonlinear
solitonic superposition in order to generate a new class of classical or quan-
tum solutions of the Einstein equations. This way, by nonholonomic para-
metric distributions, we naturally model on (pseudo) Riemannian manifolds
various classes of generalized geometries encoded into (non) commutative
/ classical and/or quantum generalizations of soltionic equations. We are
continuing to work in such directions.
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A N–anholonomic Riemann Manifolds
In this section we briefly recall some basic definitions and facts concerning
the geometry of (pseudo) Riemannian nonholonomic manfolds.
A pair (V,N ), where V is a manifold and N is a nonintegrable dis-
tribution on V, is a nonholonomic manifold (in this work, we consider real
manifolds of necessary smooth class).
The concept of nonholonomic manifold was introduced independently
by G. Vraˇnceanu [22, 23] and Z. Horak [24] for geometric interpretations of
nonholonomic mechanical systems and considered new classes of linear con-
nections, which were different from the Levi–Civita connection (see modern
approaches and historical remarks in Refs. [25, 8, 7, 2]).
A.1 Nonholonomic distributions and N–connections
Let us consider a real smooth (pseudo) Riemann (n+m)–dimensional man-
ifold V, with n ≥ 2 and m ≥ 1. The local coordinates on V are denoted
u = (x, y), or uα =
(
xi, ya
)
, where the ”horizontal” (h) indices run the
values i, j, k, . . . = 1, 2, . . . , n and the ”vertical” (v) indices run the values
a, b, c, . . . = n+1, n+2, . . . , n+m. With respect to a local coordinate base,
we parameterize a metric structure on V in the form
g = g
αβ
(u) duα ⊗ duβ (A.1)
with coefficients
g
αβ
=
[
gij (u) +N
a
i (u)N
b
j (u)hab (u) N
e
j (u)hae (u)
N ei (u)hbe (u) hab (u)
]
. (A.2)
We consider a map π : V → V, dimV = n, and denote by π⊤ : TV →
TV the differential of π defined by fiber preserving morphisms of the tangent
bundles TV and TV. The kernel of π⊤ is just the vertical subspace vV with
a related inclusion mapping i : vV → TV.
Definition A.1 A nonlinear connection (N–connection) N on a manifold
V is defined by the splitting on the left of an exact sequence
0→ vV
i
→ TV→ TV/vV → 0,
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i. e. by a morphism of submanifolds N : TV → vV such that N ◦ i is the
unity in vV.
Locally, a N–connection is defined by its coefficients Nai (u),
N = Nai (u)dx
i ⊗
∂
∂ya
. (A.3)
Globalizing the local splitting, one prove that any N–connection is defined by
a Whitney sum of conventional horizontal (h) subspace, (hV) , and vertical
(v) subspace, (vV) ,
TV = hV ⊕ vV. (A.4)
The sum (A.4) states on TV a nonholonomic distribution of horizontal
and vertical subspaces. The linear connections those which are linear on ya,
i.e. Nai (u) = Γ
a
bj(x)y
b.
For simplicity, we shall work with a particular class of nonholonomic
manifolds:
Definition A.2 A manifold V is N–anholonomic if its tangent space TV
is enabled with a N–connection structure (A.4).
On a (pseudo) Riemannian manifold, we can define a N–connection
structure induced by a formal (n + m)–splitting, when the N–connection
coefficients (A.3) are determined by certain off–diagonal terms in (A.2) for
Nai = N
a
i . Such a N–anholonomic manifold is provided with a local fibered
structure which is fixed following certain symmetry conditions and/or con-
straints imposed on the dynamics of gravitational fields.
A N–anholonomic manifold is characterized by its curvature:
Definition A.3 The N–connection curvature is defined as the Neijenhuis
tensor,
Ω(X,Y) + [vX, vY] + v[X,Y]− v[vX,Y]− v[X, vY].
In local form, we have for Ω = 12Ω
a
ij d
i ∧ dj ⊗ ∂a the coefficients
Ωaij =
∂Nai
∂xj
−
∂Naj
∂xi
+N bi
∂Naj
∂yb
−N bj
∂Nai
∂yb
. (A.5)
Performing a frame (vielbein) transform eα = A
α
α ∂α and e
β = Aββdu
β ,
where we underline the local coordinate indices, when ∂α = ∂/∂u
α = (∂i =
∂/∂xi, ∂/∂ya), with coefficients
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A αα (u) =
[
e
i
i (u) N
b
i (u)e
a
b (u)
0 e
a
a (u)
]
, Aββ(u) =
[
eii(u) −N
b
k(u)e
k
i (u)
0 eaa(u)
]
,
(A.6)
we transform the metric (A.4) into a distinguished metric (d–metric)
g = hg + vh = gij(x, y) e
i ⊗ ej + hab(x, y) e
a ⊗ eb, (A.7)
for an associated, to a N–connection, frame (vielbein) structure eν = (ei, ea),
where
ei =
∂
∂xi
−Nai (u)
∂
∂ya
and ea =
∂
∂ya
, (A.8)
and the dual frame (coframe) structure eµ = (ei, ea), where
ei = dxi and ea = dya +Nai (u)dx
i. (A.9)
The geometric objects on V can be defined in a form adapted to the N–
connection structure following certain decompositions which are invariant
under parallel transports preserving the splitting (A.4). In this case, we call
them to be distinguished (by the N–connection structure), i.e. d–objects.
For instance, a vector field X ∈ TV is expressed
X = (hX, vX), or X = Xαeα = X
iei +X
aea,
where hX = Xiei and vX = X
aea state, respectively, the adapted to the
N–connection structure horizontal (h) and vertical (v) components of the
vector. In brief, X is called a distinguished vectors, in brief, d–vector). In a
similar fashion, the geometric objects onV like tensors, spinors, connections,
... are called respectively d–tensors, d–spinors, d–connections if they are
adapted to the N–connection splitting (A.4).
The vielbeins (A.8) and (A.9) are called respectively N–adapted frames
and coframes. In order to preserve a relation with some previous our nota-
tions [1, 8], we emphasize that eν = (ei, ea) and e
µ = (ei, ea) are correspond-
ingly the former ”N–elongated” partial derivatives δν = δ/∂u
ν = (δi, ∂a) and
”N–elongated” differentials δµ = δuµ = (di, δa).
The vielbeins (A.9) satisfy the nonholonomy relations
[eα, eβ ] = eαeβ − eβeα =W
γ
αβeγ (A.10)
with anholonomy coefficients W bia = ∂aN
b
i and W
a
ji = Ω
a
ij.
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A.2 D–Connections
We perform all geometric constructions on N–anholonomic manifolds.
Definition A.4 A distinguished connection (in brief, d–connection) D =
(hD, vD) is a linear connection preserving under parallel transports the non-
holonomic decomposition (A.4).
The N–adapted components Γαβγ of a d–connection Dα = (eα⌋D) are
defined by equations
Dαeβ = Γ
γ
αβeγ , or Γ
γ
αβ (u) = (Dαeβ)⌋e
γ . (A.11)
The N–adapted splitting into h– and v–covariant derivatives is stated by
hD = {Dk =
(
Lijk, L
a
bk
)
}, and vD = {Dc =
(
Cijk, C
a
bc
)
},
where, by definition, Lijk = (Dkej)⌋e
i, Labk = (Dkeb)⌋e
a, Cijc = (Dcej)⌋e
i,
Cabc = (Dceb)⌋e
a. The components Γγαβ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
completely
define a d–connection D on E.
From the class of arbitrary d–connections D on V, one distinguishes
those which are metric compatible (metrical) satisfying the condition
Dg = 0; (A.12)
i.e. for h- and v-projections Djgkl = 0, Dagkl = 0, Djhab = 0, Dahbc = 0.
On a N–anholonomic (semi) Riemannian manifoldV, there are two types
of preferred linear connections uniquely determined by a generic off–diagonal
metric structure with n+m splitting, see g = g ⊕N h (A.7):
1. The Levi–Civita connection ∇ = {Γαβγ} is by definition torsionless,
pT = 0, and satisfies the metric compatibility condition, ∇g = 0.
2. The canonical d–connection Γ̂γαβ =
(
L̂ijk, L̂
a
bk, Ĉ
i
jc, Ĉ
a
bc
)
is also metric
compatible, i. e. D̂g = 0, but the torsion vanishes only on h– and
v–subspaces, i.e. T̂ ijk = 0 and T̂
a
bc = 0, for certain nontrivial values of
T̂ ija, T̂
a
bi, T̂
a
ji.
For simplicity, we omit hats on symbols and write Lijk instead of L̂
i
jk,
T ija instead of T̂
i
ja and so on, for a d–connection Γ
γ
αβ.
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By a straightforward calculus with respect to N–adapted frames (A.8)
and (A.9), one can verify that the requested properties for D̂ on V are
satisfied if
Lijk =
1
2
gir (ekgjr + ejgkr − ergjk) , (A.13)
Labk = eb(N
a
k ) +
1
2
hac
(
ekhbc − hdc ebN
d
k − hdb ecN
d
k
)
,
Cijc =
1
2
gikecgjk, C
a
bc =
1
2
had (echbd + echcd − edhbc) .
For dimensions n = m, we can consider the so–called normal d–connection12
D˜ = (hD˜, vD˜) with the coefficients Γαβγ = (L
i
jk, L
a
bc),
Lijk =
1
2
gih(ekgjh + ejgkh − ehgjk), (A.14)
Cabc =
1
2
hae(echbe + ebhce − eehbc).
A straightforward calculus shows that the coefficients of the Levi–Civita
connection can be expressed in the form
pΓ
γ
αβ = Γ̂
γ
αβ + pZ
γ
αβ, (A.15)
where
pZ
i
jk = 0, pZ
a
jk = −C
i
jbgikh
ab −
1
2
Ωajk, pZ
i
bk =
1
2
Ωcjkhcbg
ji − Ξihjk C
j
hb,
pZ
a
bk =
+Ξabcd [L
c
bk − eb(N
c
k)] , pZ
i
kb =
1
2
Ωajkhcbg
ji + Ξihjk C
j
hb, (A.16)
pZ
a
jb = −
−Ξadcb
◦Lcdj , pZ
a
bc = 0, pZ
i
ab = −
gij
2
[
◦Lcajhcb +
◦Lcbjhca
]
,
Ξihjk =
1
2
(δijδ
h
k − gjkg
ih), ±Ξabcd =
1
2
(δac δ
b
d±hcdh
ab),
for Ωajk computed as in formula (A.5),
◦Lcaj = L
c
aj − ea(N
c
j ) and
pΓ
α
βγ =
(
pL
i
jk, pL
a
jk, pL
i
bk, pL
a
bk, pC
i
jb, pC
a
jb, pC
i
bc, pC
a
bc
)
,
▽ek(ej) = pL
i
jkei + pL
a
jkea, ▽ek(eb) = pL
i
bkei + pL
a
bkea,
▽eb(ej) = pC
i
jbei + pC
a
jbea, ▽ec(eb) = pC
i
bcei + pC
a
bcea.
12i.e. it has the same coefficients as the Levi–Civita connection with respect to N–
elongated bases (A.8) and (A.9)
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It should be emphasized that all components of pΓ
γ
αβ , Γ̂
γ
αβ and pZ
γ
αβ are
defined by the coefficients of d–metric g (A.7) and N–connection N (A.3),
or equivalently by the coefficients of the corresponding generic off–diagonal
metric (A.2).
The simplest way to perform computations with d–connections is to use
N–adapted differential forms like Γαβ = Γ
α
βγe
γ with the coefficients defined
with respect to (A.9) and (A.8). Torsion of a d–connection can be computed
T α + Deα = deα + Γαβ ∧ e
β.
Locally it is characterized by (N–adapted) d–torsion coefficients
T ijk = L
i
jk − L
i
kj, T
i
ja = −T
i
aj = C
i
ja, T
a
ji = Ω
a
ji, (A.17)
T abi = −T
a
ib =
∂Nai
∂yb
− Labi, T
a
bc = C
a
bc − C
a
cb.
The curvature of a d–connection D,
Rαβ + DΓ
α
β = dΓ
α
β − Γ
γ
β ∧ Γ
α
γ , (A.18)
splits into six types of N–adapted components with respect to (A.8) and
(A.9),
Rαβγδ =
(
Rihjk, R
a
bjk, P
i
hja, P
c
bja, S
i
jbc, S
a
bdc
)
,
Rihjk = ekL
i
hj − ejL
i
hk + L
m
hjL
i
mk − L
m
hkL
i
mj − C
i
haΩ
a
kj, (A.19)
Rabjk = ekL
a
bj − ejL
a
bk + L
c
bjL
a
ck − L
c
bkL
a
cj − C
a
bcΩ
c
kj,
P ijka = eaL
i
jk −DkC
i
ja + C
i
jbT
b
ka, P
c
bka = eaL
c
bk −DkC
c
ba +C
c
bdT
c
ka,
Sijbc = ecC
i
jb − ebC
i
jc + C
h
jbC
i
hc − C
h
jcC
i
hb,
Sabcd = edC
a
bc − ecC
a
bd + C
e
bcC
a
ed − C
e
bdC
a
ec.
Contracting respectively the components, Rαβ + R
τ
αβτ , one computes
the h- v–components of the Ricci d–tensor
Rij + R
k
ijk, Ria + −P
k
ika, Rai + P
b
aib, Sab + S
c
abc. (A.20)
The scalar curvature is defined by contracting the Ricci d–tensor with the
inverse metric gαβ ,
←→
R + gαβRαβ = g
ijRij + h
abSab =
−→
R +
←−
S . (A.21)
For any Γ(g), there is a nontrivial torsion T(g) with coefficients (A.17).
This torsion is induced nonholonomically as an effective one (by anholonomy
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coefficients, see (A.10) and (A.5)) and constructed only from the coefficients
of metric g. Being defined by certain off–diagonal metric coefficients, such
a torsion is completely deferent from that in string, or Einstein–Cartan,
theory when the torsion tensor is an additional (to metric) field defined by
an antisymmetric H–field, or spinning matter, discussing in Ref. [1, 7, 8].
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